Indices

If the pendulum swings too
quickly to time one swing
accurately, record the time for

10 swings and divide this time

by 10 to get the time for one swing.

Pendulum swing times

Lengthl (....cm) |Length2 {(....cm)

Weight1 (....g)
Weight2 (...g)
Weight3 (....g)

changing the mass on the p
your investigation may-not giv

The rules of indices

Expressions with negative indices follow the same rules as ones with positive indices:

* Multiplication When multiplying numbers with the same base in power form,
add the indices. ) _
* Division - When dividing numbers with the same base in power form,

subtract the indices.

* Powers of powers ~ When a base to a given index is raised to another index, we
simplify by multiplying the indices. ‘




b (oD

Write both answers with posiﬁve indices only.

a) 3x 2xdx 2

(a) 3x 2xAx O = 12x;5-_ﬂ %
4 ag 1

© (D) t=xty 8= —3

xY

1 Simplify these expressions. Leave all answers
in power form. .

(@ x*xa? ® &3P
® x1xd (g) Oyt
710 - () 4x 2x5x°
9 . T20x ?
(@ #2357 ® %
- (e) B ax 3 O 2x3 w Ax 2K 6x L

2 Snnphfy these expressions. Write all answers
with positive indices. ,
-
. 3x
G ( 1 )

. : ]

® (-1»] [4x2J1

0 \x L | =
i b 75

(a) x2x 2 .

x = A
© PR
S )] 3
() @x 13 - .
2y
© @2 o) [?}

' 5¢2 7 53 Fz
0% @[
- 42’.“} . . - |
() - - (4’55]

- - AT
o y )
() ) © 2a%b ?
P : 3a_1bs_

(9 (x_lyZ)"S _'l

3 Here are two different systems of
- numbering car number plates. Both
systems use a total of 6 letters and
numbers:

Last century: [KAOOGG) to (+ZZ9999 1)
This century: (AAA 0007 to (ZZZ 999

(a) How many different letters are possible
for the first position?

(b) How many different numbers are
possible for the last position?

(c) Write, in index form, the total number of

~ different number plates that are possible

using last century’s method.

(d) Write, in index form, the total number of
different number plates that are possible
using this century’s method. _ ‘

(e} Calculate the difference between the two
numbers'in (¢} and (d).

Fractional indices ‘
What does a fractional index mean? How do we
1

interpret expressmns such as x3? Whatis the
3

value of 642 ? What meaning do we give to 827

Fractional indices are used to express 70015 of
numbers. Recall that the square root of a number
has the property that, when multiplied by itself, it
%wes the number concemed For example:

‘f— \Er—y ngJg—S etc.

Now consider equivalent expressions with
indices. For example:

=y! =y (addingindices)

K=
Pt

Xy
x b

Yy

e
[t

5 =5 =5 (addingindices)

Clearly the power of —;— is the same as ‘square

) - 1 .
root’. In the same way, a power of = gives ‘cube
roots’, and so on. Collectively, square roots, cube
roots, fourth roots, etc. are called su_rds :



1
In general: ax = % ‘
" index form surd form

Note that there is a special key for roots on a
calculator. Depending on the make and model of

the calcudator, it will either be ﬁ or xlf Tt often
needs the ‘inverse’ or ‘F’ key pressed first.

Wnte x5 in surd form.

x5 = &fx
1
. Evaluate 643.
643 =364 =4

Write ¥x in index form.
1

Yx=xt

1
Simplify (64x°)7"

1
(64:\:6)2 = 8

Combmmg powers and roots

Powers and roots can be combined in the same
2

index. For example x® means ‘the cube root of x
squared’.

In general: 2 = W

3
Ev aluate 162,

Write vx° in index form.

. ek 5
le5 - (15)2 = .x2

(on multiplying the indices)

1 Rewnte these expressmns in surd form:

1
(a) x3
(b) y6

' (c) a4

2 Evaluate the following:
@ 4?—

® 16%
o ‘(c')
G)
©
®
(8
(h) 2567
i) 2568

TR
= e U1
Qap—

8% [#a]
-y e
M= P

b

o o3
[%)

(d) 5b z

E (e) ..zxs

1
o (o3)

© (13313

3 Rewrite thege expressions in index form:

@ x
® v
@ %

() 4 4x
() 72 f{@

»4 Rewrfte these expressions in su.rd. form:

- 2
(a) x3
-3
(b) at
2
{c) 3x5

5 EValuate the followmg
(a) 83
() 325

Py

)

g

(=

B~
win

(d) 36

0 raloz

(e} 81
(fy 49

Pjw e

(g 4
“(h) 125
o o
G 16

@ 8°

{d) 2y7—
5
{e) bxt

) 32
5




Algebra '

. Evaluate the following, Give all answers as 10 Write down the last digit in each of
either fractions or mixed numbers. _these: : _
@ g | (5' 27\s S @ 5% (@ 7%
e (Z) ‘ “ (F) - (b) 6100 " (d) 3100 4 2100
2 3 : ‘
N ERY o (227 - Lo
27 - 32 ). - Fractional and negative indices
3 ‘ 4 Ttis poésible to use both negative indices and
1\% ) 125493 ] 1. .
@ [“1"6 (8 (ﬁé’) fractional indices at the same time. An approach

: which works well is to first deal with the negative

: 1 z . , 1 2 index by taking the reciprocal of the base and
(d) (?3") (h) (‘6 7_1:) . changing the sign of the index at the same timé.

7 Rewrite these expressions in index:form:

@i e I
RO R 288
@ L () 12Vt
@ § RORE i

8 The ten'ipe-eraturé-T(in degretﬂ,? Celsius) Ofa' '
| :;Ehc;ffigﬁlii ie?rfeases with @e, t, ac._cordmg

3 : S . o .
Loletewo o Buelwe (2) 6257 () (—g-) =

Write "x 3 in surd form.

1

2
x 3

3 '
J 2 +10
Calculate:- - , A ——
(a) the ixﬁﬁaltemperétu:re ‘ " V'(ai) 6,’.25:41 - '1 S Y
(b) the temperature when t.= 10 - T~ 625"35 4625
(o) thetemperature after a long time. s
- : 3 2 3
9 Initially-along-life insecticide sprayedona ~ 4T (9232 ﬁ (3 ° _ 27
ceiling kills 98% of all insects, and then the ® (g) =lz) “|Vz) T\2) * 8.
. ill-rate’ reduces by 5% each week. S o

The formula for the percentage killed after o
.t weeksis K=98x(0.95). ‘

(a) Copyand complete this table for the kill-
rate’ over thé first-five weeks:

Weeks (#) { 1 2 3 4 5 - (@) x? 10 dx %
‘ ifl- B -2 z
| Kﬂi r_ate — . - ® 33 . ® 272
(b) What percentage of insects are killed after- - T — 7 .- g
10 weeks? : o . (g at (g 5a°
(¢) After how many weeks will fewer than g '

. half of the insects Janding on the ceiling . (d) 6a3
- be Killed? ' ' S "




2 Evaluate the following. Give all answers as _

frachons
-1
:(a) 42 ‘
-1

(b) 362
1

(© 87
. 4
_(d) 642

"2
(e) 273

® 167

-
(g} 162
=

(h) 64°F
=

@ 97
e

G 1002

2
3

(k) 64
A}

) 2%

2

(m) 243F

-y

(ﬂ} 2568

‘3 Fvaluate the following. G1ve all answers as
either whole numbers, fractions or mixed

numbers

(a'). (-1—)? |
(%T

o (B

(0 (1%

{0) (

)1

-

i)

2

® (—»)

()

Zl
- 2x 5

© —5

8x3

.5

indices l ¥
ks

- |
5x 5 . _ 27

)

@ f G

(b)

H
ﬁ
[#%)

©

@

- ﬁtﬁ\

6 Simplify (427)2
7 . Use the rules of mdlces to smlph_fy the
" following expressions:

2
(a) xn+1><xn—2 (i) 1-x —
. xsn « xZn ' 0 x%% 12
O . U | Y )
. . : ' ) 4
. n n : : -1
"X ox _ 2
@ TEE 0w (sz},
. -2 1 R 133
Sx Txx . 1
® T o ()
e o1 2 | 172 4
). %2 ><4x5 (m) (2x5y4 ‘
/ 1 - )
s e[
. xZ xxt ¥
&) % e
e B X a2 %% —30
L © | =%
() x5 ><3x6 { 23
x*
- 1 !
3 T3NT
BSlmph_fy [27&4} x(% 2 ]
) ' =2

9 Calculate the value of ( )3 when & = 611




Algebra '

Expressing numbers as powers of
the same base '

-

Many numbers can be written quite simply as a
power of another number. For example, 9 can be

1 can also

writter as a power of 3—i.e. 3% And ==

be written as a power of 3—i.e. 3 3, 7
Auseful approach when simplifying expressions

where some bases are powers of another base is to
express all terms as powers of the smaller number.

| Example

43?1

Simplify

First note that 4 = 22. Therefore replace 4 by its
equivalent 22.

437‘1 3 (22)3?1 3 g?il_ _ 26?‘1—51’1 _ 2?‘1

_5"57?“ .,.25?1

25?1 '

. | AExI‘)ress the following as powers of 2:

1
8 d) =
(a) @
(b) 32 ()1
L
2 ‘Express the following as powers of 4
) 2 | G
{a) (@ T
(b) 8 © —
1 32
{c) Z -
"3 Express the following as powers of 9:-
. o ‘ 1
27 d) —
(Et) ‘ | () i
® 3 @) 3
@

3

—V.__a‘%

4 .Express the following as powers of 5:

_ (a) 25 @1
{b) 625 (e) 0.2
1
5 —
(c? £ o5
5 Express the following as powers of 1,
1
(a) 3 d)y —
@ (d) T
® 9 {e) 243
@ 3
6 Solve these equations:
{a) 3% = 81
‘) 57F =25
() 2x+.1 — 'Sx—4
@ 871 = 16777
1 :
(e) x2=5
1
(O 3x2-1=20
7 Given that 87 = 2F, write down an expression
for p in terms of n.
8 Simplify the following expressions b
phty the & exXp y
" changing some powers to the same base:
gin : gl
‘(a) 16?.7‘1 . (g) "4?’!'}'2 I ‘3211.*1 s
94?‘1 5 ,‘
(b) . 2 n+l % 43?:‘.-'2 .
o W gt
o, 64“ ’ )
“~4c) i
e, 4?! — n-3
‘ 325 x8
@ 8" x162" 1287+ % 4%
T 256" x 647" m on
: . 814 %273
(&) M ® 743H % 324N
3"2 x 277" .
‘ 1o (3x2™)yx (3 x8")
PREATSE e I

625ﬂ+2
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@ 10 Surds o .

square roots and cube roots

The square root of a number is defined to be the
number that, when squared (or multiplied by
itself) gives the original number.

We use the symbol J_ to show square root.

In a similar way, the cube root of a number is
defined to be the number that, when cubed (or
multiplied by itself by itself) gives the original
number. '::_, o
We use the symbol %F to show cube root.

CExcmpies

49 = 7 because 7 x 7 =72 =49
Y125 = 5 because5x5x5=5=5125__

@ AT XV @B x B
® V2 x 2 @ (+8)° |
@ VBB x4 ® (5)

2 Sn:nphfy these cube root expressions:
() Y64 x VoL x Yod
(b) %343 x Y343 x Y343 .
(0 308 x 308 x Y08

3 Evaluate: a
@ 25)° . () +25°
4. Evaluate:

(@ (%/m)2 by Y5127

5 Calculate the value of these root expressions:

(a) 409 (© lw}@4096
(b) 3/4096

(@ 32096

%"‘«M ©

6 Calculate the value of the following nested’

square roofs:

(@) /43 046 721
(b) |43 046 721
(@ 43 026 721
@ J /43 046 721

7 Explain what happens to any positive
number when you keép taking the square
root. .

- 8 Calculate the value of the following ‘nested’
cube roots: ‘

(a) Q/'lo 077 696
3310 077 696
37134 217 728
%/31/‘134 217 728

%/%/31/“134 217 728
- _

9 Ii;iﬁlain why negative numbers cannot have a
square root but do have a cube root.

(b)

()]

(d)

Surds

* Usea caiCuIatbr to evaluaté )
" (1.414 213 562)2. What do you get?

* FBvaluate ﬁ ;

s Is the value for +2 on your calculator the’
exact value for the square root of 2?

as the ratio of two integers. In other words, they
can be written in fraction form. However, not all
roots (i.e. square roots, cube Toots, etc.) of rational

. Rational numbers are those which can be written.




numbers are themselves rational numbers. A
surd is an irrational root of a rational number.
Here are some examples of surds:

V2 5 Y12 ¥1 %50

The foHowing‘ are not surds:

5 Yer 235

because each has an exact rational number value,
ie. 3,4 and 1.5, respectively.

Although surds do not have exact rational
number values, they can be simplified in several
ways, and follow certain mathematical rules.

. Complete surds

To reverse the process of sunphfymg we can
write complete surds. This is when the
expression is entirely under the root sign.

Write 547 asa complete surd.

First express & as the square root of a number—

ile.b= 25

547 = /25 x A7
=+25%x7

175

(multiplying the numbers
under the root signs) '

1 Sunphfy these surds to their lowest form

“Simplifying surds @ V20 e 28
If the number under a root sign is a perfect () V12 (n) Af50
square, the root can be evaluated—e.g. V81 = 9. {(/,) N72 ) J_z
For other numbers it is still possible to simplify (d Vi8 P V432
surds, if the number under the root signis a ' e) NED) @ 245
multiple of a perfect square. Recall that perfect L(/f) Ji8 '
squares are numbers such-as 4, 9, 16, 25, 36, 49, 64, (), +125
81, etc, ® 8 & 7
We always try to 51mp11.fy surds so that we have \”“‘“%M L,( 0 75 ) 300
the lowest possible whole number under the root %%”‘*'{»1),___ 44 (w) /405
sign. The method involves writing the number . -
under thesurd as a productof a perfect square (]i/ 24 (v) v242 .
and another number. - - K 4128 (w) /1575

M 27 () 45000

Simplify /45, -

VB = Y955 =G x5 =35

. Simplify 3+/40.

340 = 3. x 4 x 10
=3 x 4 x 410
:3x2xm
= 6410

2 Smphfy these expressions by Wntmg them as

surds in their lowest form: .

S 2412 (h) 412
(b) 58 M 5420
o) 424 ) 4125
(d) 348 - S M 3418

. 4 7450 Q 2475
(. 4499 - (if) 518

v
V(g’j 24027




3' Write these expressions as multiples of surds
in their lowest form:

values of the following without using the
square root key on a calculator:

(@) 245
() 30
(o) 455 n \/—86

7 Simplify these expressions by looking for
comumnon factors:

(a)‘

SRRk

(b)

e

©

(€8]
S
N

@ 22

=E

2«/_ i
o/
20

(e

B

e @y V6
Q(V)/ 432 . (e) 31250
.. (@ Y16 @ %4000
4 Write these as complete surds:
i 2 (&) 443
) 642 ) 246
(;:5 7\/5 @ 543
@ 36 N
@ 247 &) 92
® 311 - 1042
5 Write thesé as complete surds:
RO A @ 43
NS () 1096
o (& 5Ya
6 Giventhat 5 = 2.236, find the approximate

(d) +500

1
(e) \/;

(g)

Y

)

)

Ly

®

86
10412

424

3418
66
248
e
2450

8 + 420

4

4+ 428

2

J5 C4 .
(n) 3427 . (@ A8 + 128
3 N
EXERCISE Applications

1 A flag-maker sells square ﬂags The area of

each flag is 5 m?,
(a) Whatis the side length? Leave your
answer in surd form.

(b) Calculate the side length to the nearest
cm.

2 Alandscape gardener prepares a hole for

planting a large daté palm. The hole is in the E
shape of a cube, and 4 m?® of soil has been ,
removed altogether.

Estimate the depth of the hole:
(a) expressing your answer in surd form
(b) writing your answer to the nearest cm.

-3 Twolevelsofa bujlding- site are linked by
* three steps. Each stepis 30cm wideby 18cm - -

high. In order to move a wheelbarrow
between the two Ievels a plank is placed on

m,w ‘top of the steps, and fastened so that it does

“not move.

Express the length of the plank as a surd in its
_ simplest form.




Mathematicians in ancient Greece
studied various problems such as-
‘doubling the square and ‘doubling the
cube”.

4 Doubling the square

ABCD and BDEF are squares. The
area of square ABCD is 1 m?.

A lm B

E

{a) Express the length of BD in surd
- form. ‘

2 m2

() Explam why the area of BDEF is

5 Doubling the cube

The inspiration for this problem may have come from
Plato (Athens, 430 BC):

Eratosthenes in his work entitled Platonicus relates
that when the god proclaimed to the Delians through
the oracle that in order to get rid of a plague, they
should construct an altar double that of the existing
cubic one, their craftsmen fell into great perplexity
in their efforts to discover how a solid could be made
the double of a similar selid; they therefore went to
ask Platd about it, and he replied that the oracle
meant, not that the god wanted an altar of double the
size, but that He wished, in setting them the task, to
shame the Greeks for. their neglect of mathematics
and their contempt of geometry.

Suppose the altar was a cubic stone measuring

exactly 1 mby 1 m by 1 m, so had a volume of 1 m®.
The problem then can be expressed as fmdmg the

side length of a cube with volume of 2 m®.

(a) What is this length, expressed as a surd?

{b) Calculate the length correct to 3 sf,

6 A game of snooker starts by placing

@ Express the height of the triangle of

15 identical balls in a wooden triangular fra;ﬁe% 15 balls in surd form (the length marked x).

.. Hint: work with
the triangle
formed by
balls 1, 11
and 13: .

Each ball has a radius of 2 cm.

(b) Express the height () of the inside of the
wooden frame in surd form. : .
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l\dding/subtracting surds

[he key to adding/subtracting surds is to look for

like’ terms. These are ones in which the number
mder the root sign isthe same.

implify 242 + 443 - 542 + 24/3.

s

2J§+4J§—5J§+2J§=’345+6\/§ '

No further simplification is possible.

1 Add/ subtracf these surds:
g2 B+ 35 6+5
AP 943 + 543 + 643
o) BT + 242 o B2
D) 9B - 643
@ 245 -5
(D 4T + 3T - 147
(g) 843 - 443 + 63
() 545+7J§—4J’i+5\/§
@ 643 + 245 - 243 + 45
) 7 - N2+ 42+ W2
0 643 B3 - 642
S0 43 + 542 — 632 — 33
(m) 442 + 548 + 1142 - 645

2 Simplify these surd expressiohs; and then

simplify further by adding or subtracting: - -

) B+ 32,
) 12 + 75
o) \/E_“w/—ﬁ
Ay J18 + /50 — /32
(e) «I?—Jﬁi

® J28 + 63 — 4112

3 Sirnplify first, and then add or subtract:

(@) B0 — 72 + 18— 432
) 80 — 45 + 45 - <180
() JB 4+ 475 - 72 -3
@ 77 + BB + 475 - 192
(© 108 — 12 + 128 + +200
"® &3 + 20 ~ 125 + 28
(g)«f?g—«f%S—O+x/§7"—wf26
@) 7L + 27 + 216 ~ 75
() B0 — 0B + /98 + 147
G 38 + 75 - 108"+ 420
(0 9B ~ 192 + /50 — 108 .
@ B0 + 418 — 180 — B
‘(1;4)\[277‘+\/§+J4_—«f@

Multiplying surds

When multiplying surds, just multiply the
numbers under.’che root signs. :

T
|

Stmplify 3v2 % 548.

37 x 548 = 15 Xx V2 x 8
o = 15416
= 15 x 4
= 60 .




Sin, cos and tan of angles -
Zuch as 309, 45% and 60 can

¢ expressed in surd fOI.‘m' :

RS
F Al < L~
A Y T

‘Remember

. 8
S]_‘[‘Lzm.,_P...E-’ cos =

hyp
OR s=hsind, c=hcos A, s=ctan A.

The didgran shiows an equillatéral friangle POR




@ Algebra

pansion of surd expressions

ickets with surds in them can be expanded in the usual way.
ok for simplifications. ' '

panid and simplify ‘\/g(w[g+4) @(ﬁ.;ﬂ_;ﬁ.k 446
. U= 3«./5 + 4\/3 i
xample | -

pand and simp]ify. (2\/5 + 4%)(6@ - Sﬁ) ‘

1242 — 1046 + 2446 — 2049
=12 %2106 + 2446 —20x 3.
=24+ 1446 — 60

= 1446 = 36

5+ 43T = 545) = 12 f8 X T 1052 %3 + 2448 xZ =20 %3 x5

XERCISE |

Multiply these surds, and simplify the final

3 Multiply these surd expressions, and simplify

Simplify these surd expressions first, and then

answer if possible: _ if possible:

(@) J2x+5 G V11 x+22 (@ 243 x542
®) 7 x+3 a0 6 x+6 () 42 %347
© VBx+3 @ 3x+3 (& 56 x243
(@ JeExy5 (m) (ﬁ)z "), 445 x+/3
() 2 x \/? ’ @ (Jﬁ)z (e 14 x 247
® 3x+6 (0) T8 x % H 32 x+6
(g V2x+6 <p0 B <3 (g 23 x5
G0 A7 x 414 '(c’p-«@x«/ﬁi, W 4410 x 415
0 10 x5 | X 48 x 12 4

C- multiply:

(a) Evaluate (to4 swf):

@ 6 x+2 @ 18 x+12
(i) 12 (b) V12 x+/8

(b) Write +/a x v as a complete surd.

(8 N27 %18
(@ 25 %418
). /B0 x 410
(D Va8 xA12

.=§i)_2«/§><3«/1§

G 546 x 2415
(k) 3421 x 5428

L0 (5

) (345)
Koo (76«/’5)2
@ ("7

g 8 x 20
@ 18 x+24
G 125 x448
§ PExyBE
(k) +/300 x /500
@ 1000 x /80




5 FExpand these expressions, 1eavmgallsurdsm .7, Simplify (\/’a + b )(wf_ ~ b )

their simplest form: 8 Expand and smphfy these squares, leaving

G 243 +4) ﬁJ«EU§+JQ - all urds n hefe simplest ora

o B-2) o B -0 @ (V2_+ 3)2 @ (V6 - J—)z
@ 52 ++3) _;\1;)'\.\/5(1/1_5_\/5) ® (1-+3) ) (2 - 45) 2 i
(d)'«JE(AL.—R@) W B0 +415) { w (2‘5”“/5) - 1

@ (45 + 4

@ (V3 ++2) .@@ﬁ_wj
© B(1+5) () 26 ~+2) (@ (VIO -+2)  ® (V2 a6 )
© A7 -B) ) (5 - ) ®(£+2f- m(z—WT
@ 5(4+8) - (© VB(¥32-42) " .9 Bxpand:”
go i1(a+2) BEEO¥ «F+«F2

A ' . ) (a- b
| 6 fej;li’]?;‘g ;ﬁ‘gjrlzpﬁhgzg;ir:ﬁ?ﬁﬁf 10 @ ggefs ;)alculator to evaluate
-9)(1+*/—)(‘/_+ ) @ 5 +42
: 1) V5 + 2

®) (2+I)(5—1)
(@ (2 + B)(V2 + )
@ (V3 -2)2+43)
.( (‘\/5—2()(\[_+w/_)
g 4 - 28

(b) Show that va + Nb % Ao+ b

11{a) Use a calculator to evaluate -
(to 4 sf):

() .29 ~ 417 () 429 - 17°
(b) Show that +a ~ +b # a — b.

f\

(@ (BJE +x/§)(\f + 7) _
W @B E) N
M (52 - JB)3VZ + 45)

(5
g (VIT + 2/3)13 13 - 2411
o _(2«/_454—)(3«/‘+4f)

The darkroom and the digital clock

M (4 + 243)1 - 343)
(m)(x/g~«/—){-«/—+«/_)
@) (7 + 245 )(ZJE - 7)

(0)- (3«/-—-4_)(3«/_-%«./—)
(@ (42 +3)242 -3}
@ (3v2 +7)(32 - V7 7).

® (4 5 — 3()(4I+3«]')

The only source of illumination in'a
photographer’s darkroom is an alarm
clock with a ‘LED’ (light-emitting
diode) dzsplay inred,

times. Each time consists of anumber

followed by 2 digits. :
‘e Whenis the room at iis lightest?

'« When is the room at its darkest?

i)
N
@:j

The clock uses the 24- hour clock to display -

between 0 and 23, and then a colon, always o




Algebra

Surd equations -

A surd equation is one with a square root term in
it. To solve a surd equation, square both sides to
eliminate the surds. This can sometimes .
introduce an extra solution which does not fit the
original equation, so each solution should be
checked by substitution. )

Solve the equation +2x -1 = x—2.

L
«/ﬁ:x—z
2x —1 = (x — 2)?
2x—1=x% —4x+4

x2—6x+5_=0
{(x—Bx-D=0
x=5or1l

Check each solution by substitution: -
VIx5-1=5-2 77 Yes 3'=3
CZx1-T=1-2 70 No, 41#71

Solutionisx =5.

- substitution..

218 Ax+10 = 2(x-5)
W Jxale2x =7

Solve these surd equations. Check all answers by n

1 Bx=+x+6 1
x-—2=J§'
x+1zm
m:x+3

x+2=5x+6 S | 'i

N @ wm m W

2x—-1=3/x-1
LB VE-x =452+
0 3fitx ="2yx—1
0 2Fox =54
M 3x =241 4x
B 2yx+7 =x-1

15 The sum of a number and its square
root is 25 440. What is the number?

o,
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What are logarithms? Logarithms are indices of
ecial base numbers. These base numbers are

sually either: ) ..
10, which gives so-called common logarithims,

or
e a special number in Mathematics, which

gives so-called natural logarithms (e = 2.72). A_

In Year 12 we work with common logarithms
_only, and leave natural logarithms to Year 13.

‘Calculators can work out logarithms.
The abbreviation for logarithm is log.
Log can also stand for common log '
(to base 10).

We say that log(2) = 0.3010, because 1003010 = 2,
0.3010 is the power of 10 needed to give 2.

In exactly the same way, log(1000) = 3, because
10% = 1000.

@ 11 Logarithms

Calculate log(5).

log(5) = 0.6990 (on calculator)

:

Historical background

Imagine a world without readily available and
affordable electronic calculators and computers.
This was Planet Earth withih the memory of most
adults! - '

. In such a world, multiplication and division of
numbers was difficult and time-consuming.
Although you may have been taught how to do
long multiplication and division, the chances are
that you have not had recent practice at it. Unless -
you are particularly expert and careful, you
would find it difficult-to carry out without

. making mistakes. '

Logarithms were invented by John Napier
(1550-1617), a Scottish mathematician. He is
. also famous for inventing the decimal point,

would have been very difficult for subsequent
mathematicians like Newton to have made
their discoveries.

" Napier’s work on logarithms was
somewhat of a hobby, and he is famous for
much more than his mathematical discoveries.
To defend Scotland against King Philip of -
Spain he suggested the concepts of the
submarine, the tank and machine gun. Napier
was also a keen farmer, and particularly
interested inincreasing production by
spreading fertiliser on fields.

John Napier was reputed to be a magician,
and stories are told of his supernatural
activities in a small room at the top of his
home, called Merchiston Towez, in Edinburgh.
Folklore says that he carried a spider in a box,

Without the work pioneered by Napier, it~ ™«

and had a black rooster as a spiritual familiar.
This rooster features in a famous story told -
about Napier:
One day Napier realised that some tools
“~... had disappeared. They were going
- missing little by little. So, one. -
=, 'day he spread some soot on
3% the back of the black rooster,
and then ordered all of his
employees to go-inside his
barn one by one and pet the magic
black rooster. He told them it
would be able to tell who was stealing the.
tools. When everyone came out he told them

b

" to hold their palms-up, and all but one had

black palms. Napier knew that one was the
thief because he was afraid to pet the rooster.
Another story relates how John Napier was.
annoyed by his neighbour’s pigeons pecking
in his field. The neighbour told John that if he
could catch the pigeons he could have them.




Algebra

expense of time are for the most part subject to
many slippery errors, I began therefore to
comsider in my mind by what certain and
ready art I might remove those hindrances.
And having thought upon many things to
this purpose, I found at length some excellent
brief rules to be treated of (perhaps) hereafter.,
But amongst all, none more profitable than
this which together with the hard and tedious
multiplications, divisions, and extractions of
roots, doth also cast away from the work itself

So Napier soaked some peas in brandy, and

- spread them in his field for the pigeons to eat.
The pigeons ate them, got drunk, and John
wasg able to gather them up in his hands and
put them in bags. '

Here is what Napier wrote in 1614 about his
discovery of logarithms. This was published
in a Latin text called Mirifici logarithmorum
canonis descriptio, and has been translated into
English.

Seeing there is nothmg (right well-beloved
* Students of the Mathematics) that is so
troublesome to mathematical practice, nor

" that doth more molest and hinder
© calculators, than the multiplications,

even the very numbers themselves that are to
be multiplied, divided and resclved into Yoots,
and putteth other numbers in their place
which perform as much as they can do, only
by addition and subtraction, division by two

divisions, square and cubical extractions of .
great numbers, which besides the tedious

or division by three”

‘This multiplication problem could be rewritten as '

Logarithms have been used for hundreds of years

Formal definition of logarithms
in multiplication and division problems. Their ' :

- bP=gq, | then
index form

great advantage is that they turn a multiplication . | 1
problem into an addition problem, anda d.1v1510n
problem into a subtraction problem. Below is an
example of how logarithms were used.

logy(g) =p
log form

b is called the base, p is called the loganthm
and g is the number.

We say log () as ‘log of g tobase b'.

Here is a very sirhpie mﬁiﬁpﬁcaﬁ@n problem: :
2, as a power of 10, is 1003010 . 1og(2) 0. 3010 .

“Write a log statement equivalent to 34 = 81. .
3, as a power of 10, is 10047714 ¢ log(3} = 0.4771. e A

1003010 5 104771 - 3% = 81 is the same as log,(81) = 4

Write the statement log,(128) = 7 in index form.

= 1007781 (adding indices)

7 (using key)

Mathematicians had access to special tables of
logarithms for these purposes. They also needed
tables called antilogarithms to convert back from
logarithms to ordinary numbers. Nowadays, we
use calculators. ‘ ‘

=5999 (4sf)

log,(128) = 7 is the same as 27 =128.

In some cases we can use our knowledge of
_powers of numbers to find logarithms of whole-
number bases and to solve simple equations.

w ] .




Logarithms

2 Write the following statements in index form:
(@) 3=logy(125)
(b 10g7(2401) =4
(©) logy,(0.000064) =6
{(d) 5=1log,(32)
(e) log,(64)=3
() log,(256)=8

Nork out (a) Iog5(125)
(b) logo(100).

5 to what power gives 1257 53 = 125,

a)

Therefore 10g5(125) =3,

b) What power of 10 gives 1007 10% = 100. .
Therefore log, (100} = 2. : (g) logyla) =c¢ : X
() g=log(p}

m . @ 8 = log ;7(16)

. tion I =2. '
solve the equation logs(x) () log 5(25) = 4

3 Find the value of g in each o g statement:

2

This equation is equivalent to 32 = x. . | - (@) logslg) =2 Ae) log,(g) =5
e x=3"=9 o \ © (D) logylg) =4 () log,(g} =4
— e ' © log,g) =3 &) log @) =1
Examp e | (d) log; (@) =2 (h) logs(q) =0
Find the value of p when Iogp(64) = 6. 4 Solve these equations:
_ _ @) log,(x) =5 (&) log 5(x) = 8
Logp(64) = 615 a solution of the equation p® =64. " (b) loge(x) =2 ® logix)="2"
To solve this equation take the ‘sixth root’ 3 X ’ _
1 . ~ (@ logiglx) = = (g) log () ="4
(i.e. power of E] of both sides. oW 2 i
o ' _ 1. _ 2
p = 86 =2 , o (d). ].0864(3?) =3 (h) logg(x) = 3
Note: (-2)6 =64, but p must be positive (bases of &@h Find the values _of p in each log statement:
logarithms are positive numbers) so we take p = 2, %ﬁa,),mlogp(ﬁ) =3 (e) logp(‘.lOOU)‘: 3
ot ™2, ' - | (b) 1og,(25) =2 (6 log,(16) =4
’ZEX.ERIS 7 Conversions between bP = g (c) 1ng(9) =2 () 108;)(64) =6
and log, (q) = p - D log(8))=5 (1) log, (=10 .
1 Write a log statement equivalent to-each of 6 Solve these equations: _ .
these index staten'}mgnts: - (@ lo'gp(256)_ =4 () log,(16) = 4
{a) 36= 62 ' 6 __l_ - 3_3 ’ ‘ . z
' 3 27 _ ) 2
Eb)} ;55 ; 23 (g) 0.001=1 K b) 1ogp(125) =3 69] _1ogp(27) =7
< = - . . . '
, (k) 53=0.008 = 1)--p.
@) 12°=248832 o (©) log,(49) =2 ® 105:3("23) =2

1.1 LG 4= _ : 1 1Y .




90 I Aige-bra

7 Write down the value Qf these logarithms:

(a) logy(®) (@ logs 9
(b) log,(81) (e) log,(64)
(o) logs(25) (f) log,(32)

8 Find the value of x in each of these equations:

(a) logs(dx) =5 (b} log,, (64) =

9 Use the properties of surds and indices to
evaluate these logarithms:

@ log 5(27) (e) log 1 (256)
. 1
®) log; 249 ® logg[ﬁ)
| 1
(¢} log ﬁ(SZ) (g) log \6(—1—23}
@ log,27) (h) log;(0.0001)
. g ‘

10 Solve these equations:
T (@) logyn =73
() logyg(x) =0
(@ logy(x+17=3

. Properties of ‘Iogarithms '

‘ Logarithms obey three rules:
1 - log (ab) = log(a) + log(b)

When multiplying numbers, add their -
logarithms.

2 log(g): log(a) - fo‘g(b)
‘_ When dividing numbers, subtract theu
loganthms

| 3 log (@™ =mnlog @)
When raising a number toa power,
multiply thg 1o ganthm by that power.

oo

Simplify log(3) + log(5).

B )

From rule 1 above,

log(3) +log(5) = log(3 x 5) =1og(15) -

Simplify log(12) - log(2).

From rule 2 above, 1
log(12) = log(2) = 10g(-2—] =log(6)

Write 3log(2) as the log of a single number.

3log(2) = log(2%) = log(8)

Harder examples involve using more than one

property at a time.

“Example
Simplify 4 log(2) + log(3) - log(48).

4 10g(2) + 10g(3) log(48) = log(2h) + log(3) - log(48)
= log(16) + log(3) — log(48)
=log(48) - log(48)

0

log(64) _ log(4%)

log(4) log(4}
' 3 log(4)
log(4)
=3




] { s
; LJ‘/\J'&-i’:e as the log of a single number:

‘@ log(2) +log3)
() log(6) +log(8)
(o) log(®) +1og(5)
(d) log() +log@
(e} log(x) +log(y)
® log2) +log(5) +10g(3)

() log@) + log(8) + log(2)

(s (h) log(6) +1og(6)

- > Write as the log of a single number:
(a) Tog(6)—log(3) ’
(b} log(18) —log(2)

(0) log(64) —log(16)
{d) log(14) - log(?)
{e) log(c)-logld)
(f) log(8a) - log(4a)
(2) log(5) —log(30)
() log(7)-log(63)

- (® log(@) +1og(6) ~1og(3)
G log@ ~log(12) + log(6)
K) log(18) ~log(9) —log(2)
1) log(54) — (og(6) + log(®N

+3 Write in terms of log(a),-log(b) and log(c):

{c) 1og(£]
Eles( L

) (_@-} log.(abc)

@\ 1Dg[a_b)

" 4 Write as the log of a single number:

i_ogarithms

oM _
7 (a)_:_: 5 log(25) + 2 log(10) — 3 log(5)
®) %10g(64) ~ 5log(® + 3 log(4)

(c) %10g(2’7) + = log(64)

3 3
(d) = log(32) — Z log(16)

@) glog(ﬁk) - 5 log(ed
o 1 *105(625) + 2 Iog(5) + ——Iog( ! )
100
8 erte in terms of log(p), log(g) and log(r):

@ log(¥®) | @’4_‘3103(;92 %)

, RO ) log(pg®) (g) log(\/;.%ﬁ.‘i/;)
D) @)

(@ logp®g>rh)

i) lo g[—\/f]_—}
pr

- . 3 '
(e) iog(rﬁ) @ log[\/i‘ ]

9 Using the values log(2) = 0.301 and
~log(5) = 0.699, hence find:

(@) log(10) (d) log(4)
® log(-g—_] (&) Jog(125)
k"aﬁ% {c) log(0.4) () log(20)
) ' - 10 “Hlog(3) = p, logd) = qand log(li)ﬂ-r, find

expressions for:

@2 log(5) (’)3 log(5) . @E log(12) : ) 1og(16).
b 61 (B log(132) (1) 1og(99)
. {b). ‘610g(2) (d) 2 log(10) L i
5-7  Simplify by writing as the lég of a single (@ 105(—j (6 log(2)
_number: '
o 5
5 v/( ) 3 log(4) - 2 Tog(2) *\ ey 1mp111fy "
| #b) 51log(2) +2log(6) @ fg((é))
*(é) 2log(3) — 3 log(2} - o8 ;
: in) 3 10g(5) log(10) -+ 3 log(2) ®) log(32)
6 k(a)‘ L 1og016) @3 log(81) log(2)
) C - © log(125)
1 - A
(b) 3 10g(2‘.7) @J 3 10g(125] . . Jog®5) continues...

e




log(7)

log(49)

~ logl6d)

 log(32)

log(8)
log(5) + 2 log(4) — log(10)
) 2 Yog(4) + log(2)
1 1
log(3) + 2 log(10) + = 10g(ﬁj

) 3 log(10) — 3 log(2)

3 (g)_

12 Simplify the following log expressions. You
may need to use the properties log,(1) =0and
log, (x} = 1. '

3 (2) logs(®)
- () 2loge®)
(@ logy@ +logy(16)
() %1083(27) + logs(®

(e) log,(64) +log,(16) - log,(4096)
() log,(117 649) - log;;(40 353 607) +

(g) 2l0g,(12) - %10{52(16) _ log,(36)

(B Togs(27) ~ log5(243)
() log,(1024) —log,(32768)

.%10510(100) - logyp(10)
log,(4) + 1og,(32)

)

' 13 .Solve this equation for x:
165 + Tog(x) = log(®) '
* 14 Solve these equations: |
L(a) logx) —log(®) = log(6)
R ) 2 log(x) - log@) = log(¥)
() log (e~ =logld ~log@

log,(2401) |

Index equations

Logarithms can be used to solve “index’
equations; these equations have x in the exponent
or index. The approach is to take logarithms of
both sides. -

A
m it

Solve the equation 2% =17.

2% =17
log(2¥) = log1?)
xlog(2) = 1og(17)

" Evaluate log,(32)-

Let = log,(32). -
This js equivalent to solving the equation 4*=32.
L A=3 L
log(4") = log(32) (taking logs of both sides) o
x log(4) = log(32) S
_ log(32) _ log(2®) _ 5log(?) 5
log4) . log2®) 2log2 2

Alernatively, 'log(82) +log#) =250na ca’lcuhtor.
_ie,log,(32) = 3 ' DR
N 5




these equations. Give answers to 4 sf.

: Golve

@ =12 6 5 =28

) 5 =3 (@) 2 =10

(@ ¥ =64 (h) 3% =185
(@ F=23 @ 7 =24
() 8°=92 () 67=256
Evaluate these lo'ga;rith;iirls:

0 logi(8D
() log:(16)
® log, (68
@ Iog;;(o.l)

) log, (D

(@) log,®)

(b) 1ogy(32)
(c) logs(125)
(d) log,(49)

- 1.
(e) _logg‘l(ih—o‘].

Logarithms

Solve these index equations. Give answers to
4 sf. ' :

@ 2% =39 (@ 7%*% =60

) 3*77 =18 @ 13% "% =6
Evaluate these logarithms: '
(a) logs(d) (c) Togp1(18)
b log,(6) (d) Togps(42)

Solve the equaﬁop 59 = 0.04.

Solve these index equations. Give answers

t04sf. . R ~ o .',—;-‘ o
! o e Nt I

(a) 4Xx5% =60 = 455 L

(b) 23% x 45% =120

(©) 271 x3* =68




A sequence is defined tobe a mapping from the
natural numbers to the real nu.mbers Wha’c does

this mean?

A mapping is a formula, e.g:

(33

 into which we substitute the natural numbers {c)
..} to get another set of numbers, the (@) 1,4,9,16,....

{1,2,3,4,.
sequence.

1 Write down the next 3 terms in these
sequences:

@ 1,3,57, ...
1
b 412111 PR
(b L5
2,76,18,754, ....

(e 2,3,5,8,12, ...

, , s the eymbo[ t torepresent ol
i 7 the  general teim, or nl:h term, of 4. .
‘ @ence Thie formuld for a eequence' o
or.the terms of a sequence, are o
_ closeci m‘dlamond shape brackets—le <

(H —15,711,77,73, ...
-(g) 1,827,064, ...
‘ 11 1 1 ,
(h) I8 16 337
@) 3,7,1527, ...
7 - Write down the first four terms of the

“The sequenceis <9,6,5,45,42,4, ... >

. sequences with these general terms: °

() 3n+2 63) ifl"‘
} . ' n+ 2 1
Write down the first six terms of the sequence - ®) n . (‘g) n
y 6 . | -
glyenby <;1_ + 3>._ . © nt3 o ) 1
- 2n -1 !
. (@) n+mn ) (1) , n>2
. ‘n‘,‘_m : 2 —=#
h=S+3=09 e @ (D
e ' 3 Wnte down the first three terms of the :
t2 = ——2— -+ 3 = 6 - 1
D .sequence givenby t,=n + pel
.6 ‘ :
=5 +3=35 4 (Multichoice) Which sequence is formed
S . from the formula t, =3+2n77 L
tg=7 + 3 =45 A 3,51L,2],.. D 57,91,
643 Lo B 3,579, E 5,20,45,80, ...
°7 5 ' C 5,11,21,35,. )
tg = % +3=4 5-7  And now some problems for lateral fhmkers

Write down the next tio terms for each
sequence. :

5 2,3,57,1L ..
6 1,1,2,3,58, .. -
7 61,52,63,94,46,18, ...




Sequences

3 More problems for lateral thinkers. Find the, | Example’

write down the next two letters or
pattert, and The first term of a sequence is 3, and the (n +. 1)’ch

, ? term is given by t,, _ , = 5t, —11. Write down the
IE M, A M, ... first four terms of this sequence.

O, T T EFISISI

510, IVXLC , n=11,,=5, mi\l‘become_s,
- choice, nature, degree: estate, columa, .. =5 - 11=5x3-11= 4

words.

Ifn=21t,,1 =54 —11 becomes
‘-'A.ts_m5t2—11—5><4 11=9

di for this sequence:. :
: Draw the next lagram 10 E Ifn= 3, il 5t, - 11 becomes

EviCra v
| Lo b .. Thesequenceis <3,4,9,34, ... >
(Hints for Questions 12 and 13 are at the end of f’h‘?_, ‘ “
_ptET )

1 Write down the first four terms of these

stead of havmg a formula that gwes us each recursively defined sequences

s=Cterm of a sequence when natural numbers are (a) tyo1=tem 2ty = 5
bstituted, an alternative approach is to have B : e e
‘ the first term given to us, . . (b} _tn s1=2y b= "3
a formula telling us how to get the next term, - (@ t,, =3t~ 4 t;=2
et from the term before, {,,. @ 1, =3, Z2 b =1
@ tyoi=l—ty =76
f -
) gy = '"zf“} .
(@) t,,1=0)* ~ty H="2

i Calculate the second, third and fourth terms
of these sequences:

fa) t,.q =4, tl =4
) t,,,=30t)% t=1

Calculate the next four drms of these
recursively defined sequences:

&) tg= fn b b =6, =2
(b) b =32 h=LE="3

n+ls

t =16

(0 tn.-:-'l = -ﬂ ; 'tl = 6, t2:3
. o tn—l .
(@ tn+2 t,~t t; =73, =4
Write down the fourth term of the sequence
defined by t, = t, ;+1 t =5

n+14

' CY -




Algebra

5 Write down a recursive formula to identify
each sequence below:

(a) 1,3,5,7, ...
(b 2,4,8,16, ..
{(©) 1,3,7,15,31,63, ...

Sigma notation

The special symbbl T is used to mean ‘the sum
of’. This symbol is the Greek capital letter sigma.

The numbers below and above the sigma symbol
show the first and last terms to be added. These
numbers are called limits of summation.

upper last
HmI;t term
2 {each term) = 2 (each term)
lower first
limit term

Example.

Asequencehast; =4, {,=7, t3=6, {; =3,
-IJ:SZIO,...

Calculate:

4
@ Y 4
i=1

(a) t-1+t2+t3+t4=4+7+6+3=20

(b) ty+tj+ts=6+3+10=19

Sometimes the sequence formula (or rule) i‘cse]_f is
-placed after the sigma symbol. Then each

individual term has to be calculated before
adding. .

5 -
Evaluate Z (4i — 2).
i=t

Substitute, in turn, each natural number between
1 and 5 into the formula (4 ~ 2}, and add.

246+ 10+14+18 =50

When there is no possible doubt about the /
variable, it is sometimes omitted when writing/
down the limits of summation. Each of the
expressions below is equivalent to the others:

Fach one represents the sum:

51+2+3+4+5+6+7)=5x28=140

EXERCISE

1 Given the sequence -

<t >=<1,4,710,13,. > evaluate:
3 5

@ > & ® >4 (© 2 P
1 2

2 Write these sums in sigma no’_catlon:
() ty+ty g+ +ig
(b) xg+xg +'Xy + xyq

3-15 Evaluate each of these sums: -

., n=4

5

By (@n-3) 8 Znn_21
n=T . 2

4 £33 ?'12 0 i.l_ L
n= 2 1 "
x=5 | 2 |

53 ctd)x-3) 10 D2
x=1 ' T2

1 . . A -5 1 1.
6 .2(2x+6) 11_2(5]

6
7 2(2x+6) ,




thmehc sequence, each term is calculated

In an arl
g or subtracting the same number each

a sequence with a common
difference of 6

a sequence-with a common
difference of 5.

1,7,13:19,25,31, ...
e
5 0,5,710,715, ...

We use the letter a to répresent the first term
of the arithmetic sequence. -

We use the letter d to represent the common
difference. .

The formula for the general term (i.e. nth
term) of an arithmetic sequence is:

13 Arithmetic sequences “

= g =61, -

tn=a+(n—1)d

[ Evample

Calculate the 46th term of the arithmetic sequence
4,9,14,19, ...

. .(1:4 d=5 )
b =4+ (46— 1)X5=4+45x5 =229

m ‘ ‘ ’ ’

An arithmetic sequence has ¢, = 46 and £, = 31.
Calculate the first term # and common difference

d, and hence write down the first five terms of the -

' sequence.

* Use the formula for the general term:

t,=a+(m-1d
f=46  4b=a+@-Dd 46=a+3d
3 =a+(7-1d 3_1:,&+,6d .

) f7 =31

., . BEQUENnCESs:

Thisgivesusa paz.r of Slmulfaneous equatlons ina
and d:

a+3d =46 4h)

arbi=31 @ o .
ad =15 M-
d=75 ) ‘.,r'.

Substituting d ="5into (1) giveé 2-15= 46

The sequence is < 61, 56, 51, 46, 41, ..>.

Finding terms in arithmetic
' sequences .

1 Write down the next two terms in these
arithmetic sequences:

{a} 6,11,16,....
(b) 30,20,10, ...,
() p.3p. 50
“(d) 3c—4b,c-2b, 7, ...

) 5 3 1
(e) 5 BB

{fy 4.592,3.205,1.818, ...

2 Find the required term in the following

(a) 4,6,8,10,... B teg
(b) 5,72,1,4, ... by
(@ 7,2,73,78, ... tag
-(d) 16p, 14p, 12p, 10p, ... . tag
(&) ~1,7,15,23, ... tao
® 8 3%, 4 41 by
® 6 55, 5%, 54, s
(h) 13.198,12.591, 11.984, 11.377, ... tyg

(D) x, 2x+ 2y, 3x+ 4y, dx+ 6y, ... b5




Algebra

3 Find a formula for the nth term of these 8
sequences:
(@ 1,3,5,7, ..
by 8,73,27, .. . 9
© 1 4 7 10
3/ 3737 3" 10

(d) 1000, 900, 800, 700, ....
4 (a) Which of these six graphs show terms

from an arithinetic sequence? 11
A D
t, ty
12
i
f n 13
B E
-
t?‘l fﬂ
] 14
l LLilis
n n 15
C F
tﬂ lt?'l 16
n n

. (b) Explain how you can tell if a graph 17
shows an arithmetic sequence. N
5 The first term of an arithmetic sequence is 8.

p o e
"

and the common difference js ™5. Whatis the -
22nd term?

18

19
6 How many terms for each of these sequences
_need to be taken until the given number is
reached?
(@ 1,3,57 103
(b) 41,36,31,26, ... - T274
3 91 31 3
@ 1 ,22,34,4, 1784
= An arithmelic sequence has a first term of 15, 0
. 7 2

and the 8th term is 43. What are the first four
terms of the sequence?

How many terms of the sequence
<2,6,10,14,18, ... >havea value of less!;énan
2977 4

The first two terms of an arithmetic sequence
are 4 + 2b and 7b. Find the 3rd term.

The 3rd term of an arithmetic seciuence is 16,
and the 9th term is 82. Find the first six terms
of the sequence.

Calculate the first five terms of an arithmetic
sequence which has a 12th term of 168 and a
5th term of 7.

Find the first term of an arithmetic sequence
which has a 7th term of 167 and a 19th term.. - - '
of23..

What is the common difference of the
arithmetic sequence with 6th term of 56 and
11th term of 117

Find the 3rd term of the arithmetic sequence
The first three terms of an arithmetic

sequence are <k, 2k +5,2-k, .... > Calculate
the value of k.

Find the first four terms of an arithmetic
sequence where the sum of the 3rd and 4th - '
terms is =7, and the difference betiween the |

_14th and 19th terms is 15. : ‘

How many iriultiples of 4 are there between
156 and 196 inclusive?

Tow many multiples of 5 are there between
293 and 9287

(a) Calculate the number of digits needed to
number the pages of these books:
(@) abook with60pages -
(i1) a book with 600 pages
(iii) a book with 6000 pages.

Abook has n pages, where 100 <n < 1000.
Find a formula, in its simplest form, that
gives the number of digits needed to.
nurmber the pages of this book.

(b)

Show that < log a, log ab, log ab?, log a3, ....>
is an arithmetic sequence.” What is the
common difference?




“fhmetic seque

nces: sum of first n terms ' : .

Arithmetic sequences  ET07E

- The formula fo
S, = %[2:1—1— (n—-1d] -

S, r—*%(a»{-l)

© the sum of the first 7 terms of an arithmetic sequence is:

Another formula that gives the sum is useful in some situations. Itis:

where  is the first term, and I is the last term.

-

xample.
_lculate the sum of the first 20 terms of the
ence 2, 6,10, 14, ...

=2 d=4 n=20

“bstitute into 5, = 5 {24 +(n—1d].

o= 2 [2x2+(20-Dx4]

=10(4+19%x 4

A sequénce is defined by T() = 3i—2. Show that
“the sum of the first 1 terms of this sequence is

.

o

73

v

First write out some terms to geta feeling for the
sequence:

<3i-2 > gives the sequence <1,4,7, 10,13, ... >
Hereg=1landd=3: )
8y = %[22+ (n —d]

[2><1+(n-1)‘x'3]

BN S E

(2+3n-3) _

-
2(311 1

n> —n
2

(o]

i,
e,

Summing terms in
arithmetic sequences

1 Sum these arithmetic sequences to the
number of terms indicated:

@ 1,4,7,10, .. 15 terms
b 573,711, ... 28 terms
© 4, 5%, 7, 8%, .. 18 terms, -
(d) 4p,9p, 14p, 19p, .. 61 terms
@ 3 33, 3% 16 terms

16 feTms
37 terms

® Bx, 55c, 2%, K,
(g) 1.414,1.97, 2.526,3.082, ...

(h) 15x—3y,20x—y, 25x+y,30x + 3Y, o
666 teyms

2 A sequence is defined by T@) =5i+1.Finda
formula for the sum of the first n terms of this -
- sequence. .

3 “Find a formula for the sum of the first n terms

of these sequences:

(@ 1,3,5,7, ...

by ~8,73,27, .. : ‘
14 7 10

(C) 'S'r 3; 3, 3 g

{d) 1000, 900, 800, 700, ....

4 The sum of n terms of an arithm_etic sequence
with first term 4 a_nd common difference 618
784. Calculate the value of 7.

5 The first term of an arithmetic sequence is 8,
and the sum of the first 20 terms is 730. Find
the common difference. .
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6 The sum of the first 86 terms of an arithmetic 11 Sum the multiples of 7 between 63 and Pll

sequence is 1290. If the common difference is inclusive. P/

i 14, find the first term of the sequence. 12 A special type of number is formed by

. 7 An arithmetic sequence has a cormmon . arranging digits in order from smallest to

" difference of 5, and the sum of the first 26 largest so that there are the same number of
terms is 468. Calculate the first term of the _ ' digits as the ‘value’ of that digit:
sequence. ‘ 1

8 An 'arit’t;i.j:rzetic Sequence has 3rd term 5, and’ 122

common difference 2. Calculate: E;ggg
(@) the first term. 1223334455555

() the sum of the first 10 terms. " (a) Flow many digits are needed if the last

9 Calculate the first four terms of an arithmetic . one is 57

© sequence, given that the sum of the first six () How many digits are needed if the last
terms is 15, and the sum of the first nine . one is 87 .
terms is 63.

(c) Write down a rule that gives the numﬁer
The fifth term of an arithmetic sequence is 13, of digits if the last one is 7.

and the s Of. the first five ferms is 45. 13 The sum of the first 20 terms of an arithmetic
Calculate the first teym and the common , .
sequence 1s p, and the sum of the first

di . . . .

Lﬁer‘ence of the sequence 22 terms is 9. Write down expressions for the
common difference, and the sum of the first
18 terms.

Fizst level $£3 500 000
Second level $3 575 000
| Third level $3 650 000-




Arithmetic sequences

B

=5

Total cost

Number of levels |Cost of building

Percentage rate of return

R — i Ry

Fixed cost 4200000

1200000

2500000 A700000

45000 0.9574

|

3575000 8275000

50000 1.0876

3650000 11925000

135000 1.1321

TS JEY
oo~ W

Applications

1 Kim buys a car with an odometer reading of 4
55 600 km. What would be the reading after

40 days if Kim drives 90 km per day on
average? ‘

.
o

s

* Paving stones are laid in a series of straight ™,
- lines to cover a barbecue patio. The first line
has 10 paving stones, and each successive
~ row has one more stone than the previous

" row. The area is 66 rows deep. Calculate how
. many stones are needed to pave the patio.

3 When taking up jogging to keep fit, Bruce

~ runs 500 m the first morning and adds a
further 50 nreach morning he goes out
running. If Bruce runs four mornings a week,
calculate: 5

{a) how far he will run on the final morning
of the 5th week o

(b) how far he will have run in total after
5 weeks of training.

:

A ‘Dutch’ auction is one in which the price
drops by the same amount at each ‘bidding
opportunity’ until someone is prepared to bid
and pay the price. =

A charity is given an air-ticket to Sydney

and decidés to sell it at a fund-raising dinner - -
“using a "Dutch’ auction. The price starts at -

$680 and drops by $15 each minute unti}

someone buys it. '

(a) If the successful buyer waited 18 minutes
to bid, calculate how much they paid.

(b) Another buyer was prepared to pay $350.
How many minutes would they wait to
bid. if they were the successful bidder?

In a Douglas fir nursery, trees.are planted in
rows—each row containing three less trees’
than the previous one. If the final row has
10 trees and the first row has 223, calculate:
{a) the number of rows

(b) the total number of trees.
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19

The interest earned on an account in the first month is 10 cents, the second month 12 cents, and the

third month 14 cents, and so on. Calculate the total interest earned after 191 months.

4

A transport planner has collected data about the number of passengers on a particular train
journey at each stop from the first station to the centre of town. An arithmetic sequence makes a
good model for the number of people on the train. Some of the data is given in this table:

First Second Third Centre
station station station of town
Number of
passengers 205 245 285 725

(2) The same number of passengers board the train at each station. What is this number?
(b) Write down the values of 2 and 4 in this arithmetic sequence.
(&) Write down a formula for the number of passengers on the train at the nth station.

(d) Use the formula in {(¢) to write down and solve an equation for the number of stations on this

journey.

A university student takes outa student loan
for $6500. The student spends $150 per week
on expenses. How many weeks will it take
until the student only has $2000?

A suit is priced at $775 before being put on
sale. The retailer realises that the suit 15 over-
priced, and decides to reduce the price by $25
each day in an attempt to sell it. How many
days would it be before the suit could be

‘bought for $257

A set of steps is built with paving stones as
shown. The bottom step has 4 paving stones,

and 3 paving stones are added for each .
guccessive step.

(a) How many paving stones wiil be needed
for the 15th step?

(b) How many paving stones will have been
used for the first 15 steps altogether?

11

A fish farmer starts with 400 salmon and sells
10 at the end of each week to a restaurant.

. Egch salmon costs 50 cents a week to feed
e FEach salmon sells for $10.
(a)

After how many weeks have all the
salmon been sold?

Calculate the total cost of feeding the
salmon.

(b)
(¢) How much money does the fish farmer
make or lose altogether? :

The diagram below shows a set of ‘domino’
steps. These can be built so that they have
many levels. ' '

g
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and complete this table to show the
'plf:e}r of dominoes needed altogether

different numbers of levels.

Number of
dominoes needed
to build the steps

D EE———————

nber of levels

s )

Find an expression for the number of
dominoes needed altogether when there
are n Jevels. (Hint: use the formula for
the sum of terms of an arithmetic

sequence.)

. engineering graduate’s starting salary was
24 750 per year. If she received annual
creases of $5925, what would be:

) her salary after 7 years?

) her total earnings in that time?

Each step at the Chichen Itza pyramid in the
eight. The first step is 30 cm off the ground,
the second is 60 cm off the ground, and so on.
'If all the heights are added together, the total
of the heights of each step is 1864.8 m.

-

(a) How many steps are there on the side of
the pyramid?
(b) What is the height of the top step?

15 A fencing contractor is building a rabbit fence

M

Asithmetic sequences

in a straight line across a plain. He starts by
using a truck to collect fence posts from a |
conveniently sited depot, and drops off 240
fence posts every 500 m along the intended
route. After each delivery the truck returns to
the depot to collect more posts. '
(a) How long is the fence if a total of 4320
posts are delivered? '
(b) What is the total distance travelled by the
truck to deliver the 4320 posts?

16 The bars on a xylophone are cut so that each
one is 4 mm longer than the one before. The
shortest one is 129 mm. The sum of the
lengths of all the bars is 4425 mm. Calculate:

(a) the number of bars
(b) the length of the longest bar.

17 Along stainless-steel tube, 19.5 min length, is §
to be cut into six pieces to make a sectionofa §
pipe organ. Each piece is 700 mun longer than
the previous one. Calculate the length of:

(a) the shortest piece
(b) the longest piece.

18 Billy and Howard are fundraising by
participating in a sponsored walk from Picton
to Bluff—total distance 949 km. Billy starts by
walking north from Bluff, and Howard heads
south from Picton. Billy walks 40 km the first
day, 38 km the second day, 36 km the third

.. day, andscon. Howard walks 12 km the first

"-._day, 13 km the second day, 14 km the third
day, and so on.
{a) How far apart are they after one day?
(b) How far apart are they after two days?

() On what day do they meet?

The 51 pearls

51 pearls are threaded togetherona
string. The smallest (and cheapest)
pearls are at each end. Starting from
these, each pearl is worth $100 more than
the one on its outside. The middle pearl is
the largest and most expensive. Altogether
the string of pearls is worth $139 000.
Calculate the value of the middle pearl.
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In a geometric sequence, each term is calculated
by multiplying the previous term by the same
number each time. This number is called the .

comumon ratio.

a sequence with a common
ratio of 4

a sequence with a common

ratio of —.
3

We use the letter a to represent the first term
of the geometric sequernce, and the letter r to
represent the common ratio.

The formula for the general term (i.e. nih
term) of a geometric sequence is:

_ -1
t,=axy .

What is the value of r (the common ratio) in the
geomelric sequence 24,36,54,81,...7

U 14 Geometric sequen

ces

.5’
¥
/

The first four terms of a geometric sequence are
6,12,24,48, ...

(a) Calculate the 7th term.

(b} Write down a formula for the rth term.

A geometric sequence has a 3rd term of 36, and a
5th term of 324. Calculate the common ratio, and
the first term.

. W =36 36=art = B6=ar (1
£ ”’%‘\% ]
. = 3 P -1 = 4
To calculate 7, divide any term by the previous %;’5% 24 324 =ar . = SdA=ar @
terny These are two simultaneous equations, which we
t, 36 solve by eliminating 4 first to find 7. However, we
P Y 15 do this not by subtracting, but by dividing (2) by
i . '
art _ 324
ar? 36
r2, =9
y = 43

To find 4, substitute 7 = £3 into equation (1):
ax3%=36 '
92 =36
a=14




r_The Emperor of China was s0 pleased with this new game

that he offered the inventor any reward. of his choice. The

jnventor thought for a while, and then said: '

s give me one grain of rice for the first AOE
square of the chessboard on the first day

+ then give me two grains for the second
square on the next day

» then give me four grains for the third
square on the next day, and so on.

The Emperor thought this was an insignificant
reward, and prompitly agreed.

Amonth (30 days) later, the Emperor, facing financial ruin,
had the inventor’s head cut off!

Racts about grains of rice:

o 1 grain of rice weighs about 2 mg (0.002 g)
« 1 tonne = 1000 kg =1000000 g

Grains on that Total number of
square grains

ok carefully at the relationship
‘betw ”p:’_the'humbers_mcolum_n' B and
'C and then suggest a formula for th
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6

Finding terms in geometric
sequences

1 Write down the next three terms in the
following geometric sequences:

(@) 6,12,24,48, ...

1
() f
- 1

9,-3, 1, 3 ]
2,6,18, 54, ... 7
x, %2, 23, x4, ...
~16, 4,1, —41,

- 8
-n 1 1
8! 2,5’_8—’ were
2x3, ~4x5, 8x7,~16x7 ...
1,71,1,7L, .

4,21

{©
()
(&
G
(g

()
@
- 2 Write down the common ratio for each of the

geometric sequences in Question 1 above.

3 Find the required term in the following
geometric sequences. Give all answers as
whole numbers or fractions. 2

() 5,10,20,40, ... t

® 42,13, t10
© 1,3,9,27, .. £ 10
@ 16,41, 5, t -

4 TFind the required term in the followi:ng \“kl“}

geometric sequences. Give all answers in
standard form correct to 4 sf.

(@) 8,64, 512,409, ... to 12
(b) 1,1.1,1.21,1.331, ... "ty
171, - '
‘ (@ —9—,"5—,1, 3, ... t12
(d) 128,32,8,2, ... tg

5 Write down the required term for each of

13
these geometric sequences:

@ 1,711, tyy )
(b) _2/ 21 _21 21-“- f44 . 14
tsng

© 878,878, ...

Find a formula for the nth term of these ;
geometric sequences: o f;
@) 3,6,12,24,... /

* () 180, 60,20, 6%,....

11 71
(C) _“8“_111“’“”2"',1,....
{1 5,710,20,740, ...
(e) 64,96,144,216, ...

Write down the fifth term in the geometric
sequence

2,242, 4,442, ...

Calculate the first term of these geometric
sequences: '

(a)

with common ratio 4, and 9th term
786 432

with common ratio 3, and 1ith term'
044 784

with comunon ratio %, and 6th term 120

(®)

(@)
(d)

The first term of a geometric sequence is 28,
and the 3rd term-is 7. Calculate:

(a) the common ratio

() the 8th term.

Find a formula for the nth term of the
geometric sequence < B4x>; 18x4, 6x3, . >

with common ratio 72, _and &th term 1920.

The first term of a geometric éequence is 216,

“and the 8th term is 1‘%. Calculate the

common ratio.

A geometric sequence has a 6th term of 32,
and the 10th term is 512. Calculate:

(a) the value of 7, the common ratio

‘(b) the value-of a,the first term

{c) the 15th term.

The 4th term of a geometric sequence is 3, and

_the 8th term is 517-; Find the 12th term.

Calculate the second term of a geometric
sequence which has a 3rd term of 5 and an

8th term of “E_
625




ormin 8 geometnc sequence 19 A dishonest bartender sells “Tropical’ 2 %
mixture of pure pineapple juice
{80%) and water (20%). The drink is
ina ' stored in a 40-lifre container. Each time
e three consecutive terms the level of drink has dropped by 1 litre the

: to refill it.
£t three terms ina geome’cnc sequence - How much pure pineapple juice will be in
cx-2 x- 4, ... Calculate the the container after it has been refilled
. 10 times? Give your answer to the nearest
mL.

"d a=b are the first two terms ina
sequence Fmd the third term.

-81, and a fifth term frmt drink. This is made up of )

ce. Calculate the values) bartender adds 1 litre of water to the container

he first n terms of a
etric sequence

a for the sum of the first n terms of
ic sequence is:

a(r® -1
r—1 -

Summing terms in
geometric sequences

¢ first 9 texms of the geometric sequence 1 Sum these geometric sequences for the
_(_)5, 729, ... . indicated number of terms:
: ' (a) 5,10,20,40,... 10terms
12-5 o \%‘-‘e%  1,3,927, ... 12 terms
e . () 4,2,1, 1, . 16 terms
divide any term by the previous term 2
: (dy 64,16,4,1, ... 3 terms
6th term 18
1culate: & 2 Calculate the sum of these geometric-
Lon Tatio _sequences with negative cominon ratios for
o :tute into S 5—(7—%12_ SR " the required number of terms:
ex -
f_L . . (a) 1,77,49,7343, ... 9 terms
s’ -1 ' ) 16,74,1, _L,...  10terms
c Sequence‘ : [ THoT ] ' ® 4
he 12th ter; s 11 71
15198, 3593 — 1] _ B (3 AU 1, ... l2terms
) Of a geome 0.8 .
o (dy 781,27,79,3, ... 9 terms

term of © 1' 837
3 Find the sum of the first 55 terms of these.

geometric sequences:
@ 1,1,7L1, ... {b) 7,*7,7,#7,....
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Find the sum of the first 84 terms of these
geometric sequences:

(@) 2,72,2,72, .. ‘

“ (b} 100, 100,100, 100, ...

The sum of the first five terms of a geometric
sequence is 19.375. If the common ratio is 0.5,
find the first term.

The sum of the first eight terms of a geometric
sequence is 3280. If the common ratio is 3,
calculate the third term.

The formula for the sum of the first # terms of
a geometric sequence is S, = 5" — 1. Find the
first four terms of the sequence.

8 Use the formula for the sum of terms in a
geometric sequence to estimate the tgfai
number of your ancestors born last ;
millennium (1000 Ap to 2000 Ap). Make these
assumptons:

* * thereis a gap of about 25 years be’fween
each generation
+ there has been no inbreeding.

(a) Write your answer is standard form
correct to 2 sf.

(b) The population of the world in 1000 ap

was about 300 000 000. Which of the two
assumptions is more likely to be wrong?

The sum to infinity of a geometric sequence

An architect is designing a pattern for a square stained-glass
window. The window measures 81 m? altogether.

The pattern is made up as follows: the architect colours in % of the

window to begin with. Then another colour is chosen, and % of

the remaining part is coloured in. Then a third colour is chosen,

and % of the remaining partis coloured in, and so on.

The sequence of parts coloured in-is:

54,18,6,....

“‘%.

» Whatis the next number in this Sequence"’ T,
* Explain why this sequence is geometﬂc What is the common

rafio?
* Can this process continue indefinitely?

Another sequence prociuced by this process is 54, 72,78, ....
* Describe what the terms in this sequence represent.
* Explain whether the terms in this sequence will ever reach 80.

Will they ever reach 81? ‘

54

§ 54+18

54+18+67

Whe:n a geometric sequence has a common ratio
between ~1 and 1 (thatis, "1 <7< 1), then the
terms become smaller in size as we move along
the sequence.

| Example §
<24,12,6,3,.... >

If we add terms in succession from this sequence
we have 24, 36, 42, 45, 46.5, etc.




5 in this sequence of ‘partial sums’ get

T and closer to 48 without ever reaching 48‘ 1
describe 48 as being the ‘sum to

ty‘ of the sequence < 24, 12 6,3, .

though a geometnc sequence has an infinite
ber of terms, if the value of 7 is between 71
1 we can give & meaning to what happens
hem up term by term.

4

: A sequenceis < 96,24, 6, ... >

* (a) Explain why the sequence is a geometric
sequence.

(b) Show why thesum of these terms cannot
exceed 128. ’

(@ The sequence is geometric because each term

is 1 of the previous term. This means that
a . _ E
each term is obtained by multiplying by a

common ratio.

o

Geometric sequences l’:jﬂ%

=128

1 Calculate the sum to infinity of these
geometric sequences:

@ 4,2,1, 1, .. © 9,64, 8, ..
2 3

(b) 81,27,9,3, .. (d) 75,30,12, ....
2 Calculate the sum to infinity of these

geomelric sequences with negative common

ratios: ,

.38
(a) _6, 3, '2"", g
3 73

b) 12,-3, g, 9g -

{(c) ~64,48,736,27, ....

(d) 500, 100, 20, 4, ...
3 Find the first term of these geometric

-, sequences:

@) with common ratio % and sum to infinity

of 24
(b) with common ratio -61- and sum to
infinity of 10 %
" 4 Find the common ratio of these geometric
sequences:
(a) with first term 15 and sum to infinity of
1
22 —
2
(b) with first term 24 and sum to infinity of
64
() with first term 84 and sum to infinity of
112.

e
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(a) - Find the sum to infinity of the geometric
7 o7 7
10~ 100" 1000 " /"

(b) Write 0.7 + 0.07 + 0.007 + 0.0007 + ... as &
recurring decimal.

sequence (

(0) Hence write 0.7 as a fraction.
(a) Write 0.45 + 0.0045 + 0.000 045 + ....as a
“recurring decimal.
(b} Find the sum to infinity of the geometric
- sequence < 0.45, 0.0045, 0.000 045, .... >
(c) Hence express 0.45 as a fraction.
Use the method from Questions 6 and 7 to

write these recurring decimals as fractions in
their simplest form:

@ 04 (@) 0415
(b) 0.18 (d) 043
Applications

A person who weighs 104 kg plans to lose

8 kg during the first three months of a diet,

6 kg during the next three months, 4.5 kg
during the following three months, and so on.
This pattern of weight loss forms a geometric
sequence. Find the person’s weight after a
large number of years, assuming their diet is
successful!

Kate rinses her hair after washing it witha™.,
",

shampoo. The first rinse removes 5 g of
shampoo. Each successive rinse removes 20%
of the amount removed by the previous rinse.
. How-much shampoo was present in Kate's
hair at the beginning of the wash?

The production from a market garden is
declining as the soil fertility drops. The first
crop of beans weighs 25 tonnes, Each year

after that the Total weight of beans produced -

falls by 10% (that is, it is 90% of the previous

year’s weight). :

(a) . What is the weight of beans produced in
the 5th year?

(b) Estimate the total weight of beans that
the market garden can produce over a
lorig time.

4 A poplar tree sapling measures 1.2 m when,

first planted. After planting it grows 900 mm
in the first year, and from then on each year’s

increase in height is 3 of the previous year’s
increase. - Calculate the maximum height (in
metres) that the tree can reach.

" A 100 litre container of toxic waste is buried

in a landfill. Each year some of the contents
Jeak out into the surrounding water-table.
Thé amount leaking each year followsa

geometric sequence:

15 Hires 7
12 litres
9.6 litres

first year:
second year:
third year:

(a) Calculate the total amount that lealks over
a very long period of time. :

(b) How much toxic waste will remain in the
container regardless of how long it is left
buried?

The pendulum of a grandfather clockis
running down. It usually swings through an
angle of 10°, but now decreases by 1% of the
previous angle with each swing. '

(a) Calculate the total angle that the
pendulum swings through before it ‘
comes o rest.

(b) If the length of the arm of the pendulum
is 700 mm, calculate the total distance
travelled by the pendulum. (Hint: use the
arc length formula s = 76.)

i KA baﬁ is dropped from a height Of 5 m. Wlth

each bounce it rises % of the height of the

previous bounce. Calculate the total distance
travelled by the ball before if comes to rest.

A square has sides of 16 cm. The middle

points of its sides are joined to form a second
square. The middle points of the sides of this
square are joined to form a third square, and
so on to form an infinite sequence of squares.

(a) Calculate the suwm of the lengths of the
sides of all the squares.

(b) Calculate the sum of their perﬁeters.

(¢) Calculate the sum of the areas of all-the
squares. | 3




15 Growth and decay

& éﬁanﬁﬁes grow steadily or There are many real-life situations in which a

- =an often be modelled or geometric sequence model can apply. This table
5 terms of a geometric sequence. gives some examples: h
on each term in the sequence is T ————
e y the same Ftel s R R GRIACHN - Growth o]0 Decay. o
' Population numbers Radioactivity .
Compound interest Depreciation .
Price inflation Filtering /rinsing

We will look at some special cases below.

Compound interest

Compound interest is paid on money invested
when interest is added to the principal (original-
amount invested) to form a new principal for the
next term of a loan. In other words, interest is

- paid on interest. ' -

‘Example

$2000 is deposited into a bank account that pays
12% compound interest. The interest is added to
the account once a year. Calculate the amount in
the account after two years.

e, Interest for the first year = 12% x $2000 = $240
~This is added to the principal at the end of the
first year, to make a new principal of $2240. .

Interest for the second year = 12% x $2240 = $268.80
This is added to the principal at the end of the

second year, to make a new principal of

fot $2240 + $268.80 = $2508.80.

filter

500 000 That is, there i8 $2508.80 after two years.
Problems such as the one above are best handled
using the formula for the general term of a
geometric sequence. This is because the principal
every year is being multiplied by the same fixed
number. ' S




Instead of using the general term formula
to=a. 1 we use:

Inflation

Inflation occurs when prices of items rise. If

i
A= P(l + —f—]
100

where P = the original amount invested
(principal)
r = the interest rate
#n = the number of years for the
investment
- A = the new principal, including interest,
‘at the end of the term.

prices rise at a stéady rate, we have what is called
the rate of inflation., '

The approach is the same as for compound
interest. Instead of the original amount invested
(the principal), we have the original price of an
article; and instead of the interest rate, we have
the inflation rate. The inflation rate is usually -
calculated “per annum’, meaning yeatly.

The formula for calculating increased prices is:

$4560 is invested ét 6% compound interest
calculated yearly. Calculate the amount invested
after four years.

‘ . 7
Substitute into A = P(l + L] to get:

100
A = 4500 x (1 + -—)

100

4500 x (1.06)*
$5681.15

i

Lo n
increased price = old price x | 1 +. —LJ
, 100 /

where 7 = inflation rate, and
1 = number of years.

Find the price of a section of land oﬁginally worth
$50 000 at the end of a period of 10 years,
assuming a constant rate of inflation of 7%.

2
"
Price = old price x (1 + ﬁ)
: 7 10

= 50 000 x (1.07)1°
= %98 000 (to the nearest thousand dollars)




= . _fion occurs when the value of an item
es. If the value falls at a steady rate, we

hat is called the rate of depreciation.

ch is the same as for inflation or
pound interest. Instead of the original price
Arnount invested, we have the original value of
vom; and instead of the interest rate or
have the depreciation rate. Like

ation rate, we -p* ]
inflation rate, the depreciationrate 1S usually-

culated ‘per arnum’, eaning yearly.

TOa

es decrease under depreciation, we

ause valu W
crease from the original

ihtract the percentage de

e formula for calculating decreased values is

n
decreased value = original value x [1 - 166]
| where 7 = depreciation rate, and

7 = number of years.

* Find the value (for tax ?urposes) of a compuiter
originally purchased for $3000 in 2000 at the end
of a period of 15 years, assuming the IRIY's rate of

© 20% depreciation for office equipment.

15
- 20
= 3000 x (1 100)
= 3000 x (0.80)"
= $105.55

el "
A ¥ .,
decreased value = original value X (l - ﬁﬁ] o,

Growth and decay l 2T

The rates in this exercise are per annum’,

1 Calculate the value of these investments
placed on the given terms at compound
interest:

(@) $5000 at 5% for 8 years
(b) $11 000 at 7.2% for 3 years
(© $15 000 at 11 % for 7 years

)
(d) $12000 at SZ% for 5 years .
(e) $20 000 at 3.5% for 18 months

2 Tind the increase in value of these amounts
when placed on compound inferest on the -
given terms:

(a) $16 000 at 12.5% for 5 years
(b) $4000 at 16% for 4 years

{c) $2000 at 22—12~% for 10 years -

(d) $7000 at 18.3% for 15 years
(e) $25 000 at 8% for 3C months
3 Calculate the decreased value of these items
given the rates of depreciation below:

(a) Am item worth $4600 depreciates at 10%
over a period of 6 years. .
(b) An item worth $21 000 depreciates at 7%
pver a period of 4 years.
(¢) An item worth $150 000 depreciates at
o, 30% over a period of 5 years.
“{d) An item worth $85 000 depreciates at

15 % 9, over a period of 20 months.

Applications

‘ 1
1 The population of a town increases by 2-2— %o
per annum. 1f the population in 1994
was 16 000, what was the population in 20027

2 A car bought for $26'000 depreciates by 5%
per year. What is its value after 3 years? '

3 The profits of an engineering fixm increase by
6% per annum. If the profit in 1983 was
$1500, calculate the profit in 2002.




The population of a particular Pacific Island
nation is predicted to decrease at a constant
rate of 3% per year, due to emigration and the
death rate exceeding the birth rate. If the
population was 65 000 in 2000, estimate the
population to the nearest thousand 20 years
later.

The height of a conifer increases at 12% per
year. Calculate the height of a conifer at

4 years of age if it was one metre high when
planted.

A school roll started at 700 and grew at a rate
of 3% for the next 10 years. What was the
total roll at the end of this time?

A student realised that in Year 7 he needed to
do one hour’s homework a night to keep up
with his studies. Each year he found that he
needed to increase his homework time by
20%. What time would he be spending on
homework each night in Year 137

A microbiologist believes that itis possible to
reduce the number of wasps infesting an area
of native bush by releasing a large number of
sterile wasps. She estimates that this

-~ SPREADSHEET INVESTIGATION - Business depreciation

3ok

" on-going basis. If there are

programme will reduce the number
of wasps by 60% per year on an

initially 14 000 000 wasps in
the area, how many will
remain atthe end of a
4-year period, assuming that the scientist’s
calculations are correct?

Rip-off Real Estate develops a subdivision of
sections for sale to the general public. When
the sections are initially sold, the buyers are
unaware of an illegal waste disposal site
nearby. This subsequently causes the value of
sections in the subdivision to decrease ata

w steady 15% per annum as public concern

increases. Find the loss in value (after a
6-year period) on a section initially sold for

.$85 000.
10 Calculate the total interest earned when:

(a) $2000 is placed on deposit for 4 years at
12% per annum compounded annually

(b) $2000 is placed on deposit for 4 years at
3% per quarter (i.e. three months) '
compounded quarterly.

(c) Which investment, (a) or (b), earns more?
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sangements of the growth/ (o, 757605 3500(1 + T%ﬁ)n

formula

5 on growth and decay problems involve
;’gements of the formula. e
Jatin the compound interest formula

" n.
( r ] there are four variables

1+ -
and H.

7276.25 = 3500 x (1.05)"

707625 _ R |
= =2.0789286 |

Now take logs of both sides:
100
log(1.05)" = log(2.078928 6)

nlog(105) = log(2.0789286)

v compound interest probiem, three of these _ 10g(2.0789286)
ables must be provided in order to find the T T o105

e 03178396
~ 0.0211893

=15

the compound interest formula

1"
| = P[l + {dﬁ) to caléulate:_
) P, given A=$4259.20,r= 10% and =3
3 7, given A =$20 000, P = $5000 and =20
given A =$7276.25, P= $3500 and 7 = 5%.

c) M,

: 3
(@ 42592 = P(l + }—O—)
O . 100
49592 = P X (1.1)3 o 1 Calculate (to the nearest cent) the original
B ' e amount invested, giveri the compound
4259.2 = 1.331P LW interest terms below. - -
p = 292 _ e3n0 “ta) What principal amounts to $15 000 at 11%
_ 1.331 , for 6 years? : . :
) 20 ..
) _ T (b) What principal amounts to $80 500 at
() 20000 5000(1 i) . 8 5% for 5 years? |
20000 _ 20 ' (c) What principal amounts to $150 000 at
o0 = (L +O0) - “‘ 14% for 21 months?
4 =(1+ @:Olr)?‘o - 2 Find the rate of compound interest (to 2 dp)

needed to produce these results on
investments for the given number of years:

(@) $500 increases to $1500 after 10 years
(b) $1400 increases to $2150 after 3 years B
(&) $80 000 increases to $105 000 after 6 years.

Now take the Zth root of each side .
(use a calculator): ;

203 = 1+ 0.01r
1071 77 = 1 + 0.01r
0.071 77 = 0.01r

0071 77

o= " = 7.177%
0.01 :

i




I Algebra

Calculate the number of years needed to
produce these results on compound interest
investments at the given rates. Give answers
to 2 dp.

{a) $8000 increases to $15 000 invested at
12% per annum

(b} %250 increases to $1300 invested at 7 %
per annum

(c) $25 750 increases to $72 300 invested at
6.2% per annum

Calculate the rate of inflation given the
information below:

(a) Goods bought for $175 in 1978 cost $625
in 1988

(b} Goods bought for $36 in 1973 cost $86 in
1991

A car bought for $32 000 depreciates in value
to $18 500 after 3 years. Calculate the annual
rate of depreciation over the period.

A house purchased 16 years ago was sold for
$230 000 recently. The owner calculated that
the house had gained value at a steady rate of
9% per year. What did the owner pay for the
house herself?

An electric motor loses efficiency at a steady
rate of 4% per year as its components
deteriorate. How many years does it take for
it to decline from a rating of 2500 watts to
2160 watts?

Aristotle Holdings invested in a fleet of
vachts three years ago. Recently they had to
sell the yachts at $1 500 000 each, representing
a loss of 4% per annum to the company.

What was the original price of each yacht?

A scientist grows bacteria in a Petti dish. The
number of bacteria grows by 50% each hour. .
Initially there are 20 bacteria in the dish.

(a) How many -
bacteria are
present after
6 hours?

After how
many hours
will there be
12 000
bacteria?

A farmer in the Mackenzie Country knows -
that without pest control, the number ;af
rabbits on his property increases ata constant
rate of 2% per week. How many weeks would
it take for the number of rabbits to increase
from 450 to 10607

A property speculator bought a house for
$150 000. When she tried to resell the house
three years later, she discovered that the
housing market had declined, and the house -
was only worth $98 000. What was the yearly
rate of decrease in value?

After a steady increase of 15% per year, the
share price of Theta Publishing Ltd is now
$1.56 per unit. Calculate the price per unit
8 years ago.

Air Atlantis bought a fleet of aircraft at
$7 000 000 per craft. After 10 years they were
offered for sale at $2 500 000 each. What was
the percentage rate of depreciation per

- annum?

. The price of a share in Delta Enterprises has

risen from $2.30 to $5.67 over a number of
years since an investor first purchased shares
in the company. The investor calculates that
this rise in value represents an increase of
30% per annun. Find the number of years
that the investor has held the shares.

Over the last 12 years, there has been a

_constant decrease of 4% per year in the

nunbers of visitors to a tourist attraction in

MRotorua If there were 45 000 visitors this

yedr, how many were there six years ago?

When a 10-acre block was sold for $100 000
recently, the owners were delighted: after a
period of 5 years their investrnent had
returned an interest rate compounded at 14%
per yeat. How much had the land cost
originally?

Town planners know there has been a
constant increase of 5% per year in the
number of comumuters using public fransport
at least once a week in a large city. This
increase is projected to continue at fonly“ 3%
per year. If there were 67 000 comfnuters
using public transport six years ago, how
many should be using it in seven years time?




d. What will it be worth

tis replace

5 constant rate of inﬂatiogn overthe 20 A granary in Canterbury stores wheatin a
Jculate the price of gooc.ls in 1998 large silo. They lose a constant percentage
| they were worth $560 in 1979 and per month due to rgdent spoilage and
5. Eﬂdew. At4 i‘shgoléegmmng of Acfrii one year
. R ere were onnes stored, but at th
E;f}:;sg ;%%e.‘r }%;f’éf‘is‘;‘;t:;hp":iﬁs beginning of September there were only )
el I’jages per year, an d the printer ijﬁSZ(IJI[: ’Eﬁnnes s:gre;iuiit;w much wheat was
-5 in value by 30% each year. Itis . e month of July? 3
d to print 1 500 000 pages of paper 21 Each time a paint brush is rinsed in a N

Growth and decay

container of fresh water about 96% of )
the paint is removed. How many times

will the brush need to be rinsed before

the amount of paint remaining is less than
0.001% of the amount of paint originally in

the brush?

A

D

Initial amount =

Regular deposit =

Interest rate =

Interest earned™{,

At beginning =B1 =B4*G$1/100
End of 1st year |=B4+CA+E$ |=B5*G$1/100
End of 2nd year |=B5+C5+E$1 [=B6*G$1/100

B C D

1 lInitial amount = $2,000.00 Regular deposit= | $150.00{Interest % =

2

3 Interest earned ]
4 |At beginning $2,000.00 $160.00 o
5 |End of 1styear $2,310.00 $184.80 ]
6 |End of 2nd year $2,644.80 $211.58 ]
7 1End of 3rd year $3,006.38 $240.51 -

. 8 |End of 4th year $3,396.89 $271.75 :



E36i Algebra

4 Create a spreadsheet Wthh calculates the
total value when: ffr

Use a spreadsheet to answer these questions. 5% + aninitial amount is invested in‘an
account that pays interest compounded
annually

Applications

1 A student invested her earnings from a
Saturday job at a rate of 8% per annum. If she
invested $800 at the beginning of the first
year, and each year thereafter invested a
further $800, how much did she have in her different amounts are added as deposlts
account at the end of 5 years? to the account at the end of each year.

the interest rate is fixed over the whole
period :

A father provided for his son when he was Use your spreadsheet to calculate the amount in
born by investing $1000 in a savings account  this savings account on January 1, 2006. The

at a constant interest rate of 12% per annum. ~ Savings account pays 5% interest, and deposits
Each year he added a further $500. How are made as follows:
much would there be in the account at the Date

end of 12 years when his son was due to start : -

Seconda_ry SChDO].? ]a.n 1, 2000 (imtial dEPOSit) $4000

Jan 1,2001 $2700

Deposit

A special form of endowment insurance

requires an initial investment of $500 and Jan 1,2002 , $3100
then further deposits of $200 each year. Ifthe | Jan1,2003 $650
interest is compounded annually at 6%, what Jan 1, 2004 ' $5111

Jan 1,2005 $810

is the total value of the mvestment after a
period of 10 years?




Midpoint = [_m_xl ‘; X2 Wiy ]

dpoint of a line segment

ine segment is the part of a line that lies

een two points. The midpoint of the line
gment is the point that lies exactly halfway
tween the points:

(xz, yz)
midpoint

e

In general, if the two points are (xy, y;) and
(xy, ) then the co-ordinates of the midpoint
are;

(xl +Xy Y+ yz_}
! 2

2

A=(2,3)andB=(5,1).

A

3 R

- First draw a diagram to get a feeling for this
" Question. :

. ’ Ya

A

b
o -
=y

Find the midpoint of the line segment AB, where

2.
| 72+5 341
h 2 2
=(1.5,2)

1 Write down the co-ordinates of the midpoints
of the line segments joining:

@) (4,2)and 8, 6)
(b) (3,4)and (7,2)
(© (1,3)and (5, 1)
{d) (8, Dand (1,4
(&) (72,73)and (4, 3)
) (1,2)and 1,5
(g) (6,71) and (2,-3)
(h)" (77, 4) and (2, 4)

2 What are the co-ordinates ¢f the midpoints of

the line segments joining:
(a). (2.9,74.7) and (0.8, 5.3)

N 11
B (§g)ana [_2”" 3‘]

"3 Express the co-ordinates of the midpoints of

the line segments joining these points as
simply as possible: '
@ (p+4,2p)and (p ~g,0)

(b) (@a+1,a—2)and (a-1,a+2)

© (4f+52g-1)and (6f—1, “12¢ + 3)

4 The co-ordinates of the midpoint of the line

segment AB are (72, 4). If A'= (6, ~1), what are
the co-ordinates of B?

" AB is the diameter of a circle. IfA = (2,76}
and B = (4, 2), write down the co-ordinates Qf
the centre of the circle. :

A circle has centre (4, 75). If a diameter is PR
and P= (8, 1), calculate the co-ordinates of R.
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Geometry

Distance between two points'-

Given two points on a graph it is always possible
to find fhe distance between them using

~ Pythagoras.

—

.| In general the given points are

1 Gy, yp) and ).
h S " (x5 ¥

d 2 - Y

(x1, 47 Xy — X

These are joined ﬁp. The distance (d) between
them can be calculated by finding the length
of the hypotenuse of a right-angled riangle:

2 = (= %y + (Yo =¥

G Yy&wﬁ%‘ﬂ“&,%&?{f’%ﬁﬁ&é"ﬁ? S

10 km south and 8 km west ofa
lighthouse. Ship B is 4 km north and 5 km east of
the same lighthouse. What is the shortest
distance between the two ships? -

Ship Ais

Take the lighthouse as being at the origin (0, 0).
. Apply the directions N, E, 5, W to the axes. Then
ship Ais at (8, ~10) and ship B is at (5, 4}

N

_ Lighthouse at (0,0

=

7 \‘(xz - xl)i +(y2 - Jh)z

L

Calculate the distance between the points (2, 73)
* and (3, ). |

2 =G0 (A-"
~5247°
~25+49
7 =74 . )
o d=7A =860 @4sh

Distance d is given by:
2 = (58 + (4100
=13t
. =169+196
E‘m’"%é N

4= 365 =19.105
=19 lq:n {to nearest k)

1 Calculate the distance between these pairs of
points (to 4 sf if answer not exact):
- (@) (3, Dand (6,5
(b) (0,0)and (1, 1)
(©) (2,73)and 3, -15)
(d) (6,72)and (4,73)
(&) (2,8 and (1,75
@ (12,7 and (12, 9
(g (3,5 and (2,5
(b (3,73)and (2,72)

EXERCIS




Co-ordinate geametry [E7205

the distance formula to calculate the distance between these pairs of points:
. C oy (ma g - - 2 _
(©1,83ad 07,19 () (4607)and0.L,65  © ( 2, 4) and [ 1)

What is the distance of (-7, 24) from the origin?

aupo is 20 kin west and 62 km south
 Rotorua. Whakatane is 82 km east
nd 12 km north of Rotorua.

alculate the distance between Taupo
.d Whakatane to the nearest km.

: traveller is lostin a desert.

aknown to him, he is 4 ko wesfand -
kmn south of an oasis.

- A ‘helicopter is searching for }u_m and
currently at a point 3 km east and

-1 km south of the oasis.

| Calculate the distance between the & hiigermal

“traveller and the helicopter. - lds

-Ghow that APQR with vertices P(2,7), . " g—Iﬁn Wgter
Q(1,1) and R(5, 1) is isosceles. Name . pring

: the pair of equal sides. ' A

7 ABCD is a parallelogram, whereA (1,13, B=1(5, 2) C (6, 3) andD (2, 2). Calculate the length
- of the longest diagonal of ABCD. L

The four points ABCD form a square where A= (1, 1) B= 6,3),C= (4, 8) and D = (1, 6).
A circle passes through all four points. - _ o

(a) Calculate the perimeter of the square ABCD.

(b) Calculate the radius of the circle. ‘

radients

;.Cradient of the line joining two
‘given pomts _ _ @G,
The gradient of a line is a number Whlch

- describes how steep the line is. Itis calcudated
from the fraction: -

Flrst draw adiagram to geta feelmg for this .
: . question. :
changé‘}riy " ST o ¥4
changeinx - ‘

In general, the formula or rule giving the : *J
gradient of the line joining two pomts Gy 1 m\ '
and (x?_, Vo) is: . . —+— <

yz—yl'
X3 — X1




Geometry

Gradient = Pl

Yo~
2

1 Calculate the gradient of the line passing
through the pair of given points. Leave your
answer ag a fraction in its simplest form. *
(a) 4,2)and (3,5
(b) 2,7yand (1,4
(¢} (71,5)and (4,7)

(d) 2, Dand (3,86
(e) ("4,3)and (75,72)
(® (9,73)and (1, 74)

2 Calculate the gradients of the lines. drawn in

the diagrams below: C

(a) oy -
Y {‘ -. Y
"3 . /3/
E . B -;c /ﬂ. x

{0) (&)
¥ Y
N !
-3 x
-4
10
7
(e ’ 163] }
yh g y
. 4
2
5 x B T

3.. Lines pass through the following pairs of
points. Calculate their gradients.
(@) 0,0)and©, 1
(b} (23,78) and (45, ~65)
(@) (27,40) and (27,56)
(d) (8,7)and ("1, 7)
(&) (4.1,67) and (9.5,72.3)
4 The line joining (a, 7) to (3, 4) has a gradient
" of 1. Form an equation and solve itto work
out the value of 2. _
.5 The gradient of the line joining (3, p) té 1, 2)
.. 1is _ 1 Calculate the value ofp.
~. 4 .
-6 w%’(&?"a;lc;:1_3late the gradients of the lines joining
these pairs of points. Simplify your answers
if possible. o
" (@) -2, c+Pandc+ 1, c-4)
(b) (2d~4,3d+6)and 3d-1,4+5)
(©) (p,q)and (g, p
(@ (p, g and Cp, 9
(e} (p.q)and (, 9
& (v, and @,

.7 A triangle ABC has vertices A{4,72),B (71, 3)
and C (4, 76). Calculate the gradient of the
line joining the midpoints of AB and AC.

8 The gradient of thé line joining (1, 3) to (p, 4
is p — 1. Solve a quadratic equation to '
calculate the two possible values for p.




nt of the line making an angle
with the x-axis
Jlowing diagram shows a line that makes

e of @ with the positive direction of the

¥ ) /

gradien't of this line is the fraction %
it from trigonometry -L% =tan g

llows that if we know the angle that a line
akes with the positive direction of the x-axis, the
adient of the line will be tan of this angle. And
we know the gradient of a line, we can use
trigonometry (tan 1) to calculate the angle
between the line and the x-axis.

A line makes an angle of 40° with the x-axis, as
shown in the diagram. Calculate the gradient of
the line. T :

. - S
¥ .,

,

*-Gradient = tan 40° = 0.84

tan 6 =3

T (@) 24 - (d) 135°
“(b) 30° T (e) 180°
() 128°. - ® 90°

Example

The line in the diagram has gradient 3, Calci;.late
the angle between the line and the positive -
direction of the x-axis. (Note the gradient is
negative. This means the angle is obtuse, i.e.
greater than 90°.)

yll

m="3

8 =771.6° (using calculator)

The required anglé is 108.4°, obtained by adding
180° to the calculator value. In fact, the calculator
givesthe angle below the x-axis.

1 Calculate the gradient of a line making the
following angles with the positive direction of
the x-axis:

2 Calculate, to 2 sf, the gradient for each of L
these lines. H i

®




3 Calculate the angles that the lines with these
gradients make with the positive direction of

the x-axis.
® +3

(a) 2
(b) (g) 1

1

4
© -2
3

1
hy —=
4B
d 1 (i) undefined
(e) O

What angle does the line joming P4, 3) and
Q(2, 0) make with the positive direction of
the x-axis? :
Calculate the acute angle formed when the

~ line joining (8, 1) and (73, 4) cuts the x-axis.

Caleulate the acute-angle formed when the
" line joining ("2, 3) and (1, 4} cuts the y-axis.
- The triangle ABC has vertices A = (71, 4),
B=(5 0 and C= (g, 1).
‘ Y

e
(om

P,
~

Fi 7x
541"

By first finding the angles between AB and
the x-axds, and BC and the x-axis, calculate the
size of £ZABC. ~

'Equations of lines
Any relation in the form
Y=mx+c

gives a straight line when graphed. Sucha
relation is called linear. The two numbers and.
c.give spécial informétion about the line;

* m gives the gradient of the line S
* cgives the y-intercept, the point Wher%j@he line
cuts the y-axis. /

Rearranging line equations to the form
y=mx+c

The above information is only obvious if the
straight-line equation is already in this form; i.e. if
y is already the ‘subject’ of the equation. The
following example shows how to rearrange a
siraight-line equation to obtain information about
the gradient.

Calculate the gradient of the line 5x - 3y + 2 - 0.
Hence find the angle the line makes with the
- positive direction of the x-axis.

" Make Y the subject—i.e. aim to get y by itself on

the left-hand side of the equals sign.
x—-3y+2=0

",

5.

"
Th?"&amgans the gradient is

The angle bétween this line and the positive
“direction of the x-axis is found by solving

.tan 0= §~

6=590" (tanlona calculator)

1 Find the gradients of these ]jnes'by
rearranging them to the form y = mx + ¢ first:
@) 2y=3x-2 (d) 2% +y=3
k"(b) Jy=x-6 ('e)‘; 4x +5=2y
(C)/ x+y=3 WM sx-2y=6




Co-ordinate geometry I: 433

( Gy -y =8 (]) dy=2x-8

h x—-4y=2 (k)x +3y—2=0

) ;4x+2y+9=0 ) dx=2+3y

iﬁnd the gradient of thelineax + by + c=0.

Calculate the angle that each of these lines
makes with the positive direction of the

=2x-1 @ y=—22-7

_j,_.y:‘4x+12 ) y="x
" Calculate the angle that each of these lines
'~ makes with the positive direction of the -
x-axds: . .

(@.3x—-4y=5 _"(c_)_x—~8y+5.=0
) 2x+y=8 (d) dx + 5y-2=0

Calculate the angles that each of the lines in
_ the diagrams below makes with the positive 2x—y-5=0
. direction of the x-axis. :

@ | o)

Express y= ;5%35 + 4 inthe form

ax + by +¢ =0,

Jy="2x-+12

Express these stmighf—liﬁe equations in the form '-
ax + by +c=0. ' :

- A j} y =x+4 ' 41,7 )
The form ax + by + ¢=0 o 4
o e 2 y:2x—7 4 8 x+yz4
Although the form y = mx + ¢ is particularly | e Vi 9
" convenient when working with gradients, not all @3 . y= Sx+1 9 y=dr+ 2
straight lines can be expressed in this form; . ]

vertical lines cannot be. However, all straight 4 y=x R ’4"10 y = _495_
lines can be written in the form ax + by +¢ =0 . ' — ,




Nriting the equations of lines
rom given information
‘onsider a ling that passes through the fixed

oint (x;, ;). The line has gradient m. Any other
eneral point on the line is (x, ).

. (x, )
gradient m
\

(v —y)

(x - xl)

/(;:11 y]_)

There are two possible expressions for the
rradient:

, the fraction changeiny —OR
changeinx
» the given gradier'\t .

Fhese two expressions must be equal. Therefore:

Yy-W _ o,
X — X
I OR y——'y].:m(x—xi)

There are several different ways in which you can
be given information about straight lines. Three
of these ways are given below. In each case, you
have to determine the equation of the Line.

1 Given gradient m and a point (x,, y,)
~on the line
The equation of the line is:
y—yy = mlx—xy)
This is often called the point/gradient equation.
Find the equation of the line that passes. through
(4, 3) with gradient 2. )

y - yp =mlx —xp)
y—"3=20x-4)
y:%—3=2x—8
y=2x-11
OR 2x.—.y—~11~20

. Now subs_tit‘ute-into ¥4

1-7  Find:the equation for each of the following Tines,
- Express your answer in the form
cax+by+c=0.

i Through (2, 5) with gradient 3.
2 Through (71, 4) with gradient 2.

@T}uough (3,76) with gradient .;.

4 Through (5, 1) with gradient 4.

@ Through {*2,73) with gradient — L
4

6. Through (73, 4) with gradient 52
7 Through (6, 1) with gradient 0.

8 Find the equation of the line with gradient =2
"= which passes through the midpoint of PQ
whereP=(4, 6)and Q = (_2 4).

2 Given two points (x1, y,) and (x,, ¥,)
on the line

Yo~

In this case the gradient m is:
x2- - x1

Calculate this first, then use the formula in 1
above.

Fmd the equation of the line j ]ommg the pomts

2, 1) and (3, 2).

Gradient = 22— YL = 2-1 .1
x-x 3-72.95

=m(x— xi),:

1, -
y—1~—5-(x— 2)

By—-5=x+2 (cross-multiplying and
5y —x~7=0 _Sijthmg)
x—5y+7=0

This is often called the point/point eqtiation.




e equation of the line joining each of
airs of given points:
1)yand (7, 3)
pand (7, D
3,72 and 2,7)
“4,3)and (1,72)
Y (6, 2) and (1,74)
(43 and 2,4
)/ (5, 1) and (73, "2)

_Wnte down the equa’ﬂon of the lines d:awn in
the d1agrams below:

@

Q’I’he points P -1, 3) and Q (4, 6) He on the
circumference of a circlé. What is the
equation of the chord joining them?

4)A line drawn through the point (4, 5) touches
a circle at (2, 71). Find the equatlon of this
tangent. -

5'\Find the equation of the line that cuts the

/x-axis at 4 and the y-axis at 2.

4
£

y-5=1Ux~0)
y—-5=x
y=x+5
" =0

/6 The points (2, 1), "3, 4) and (1, -
cdllmearmmthat is, they lie on thz.)sar
Calculate the value of . o

3 Given the angle 8 with the x;

: axi
and a point on the line

y!l'
I/
[

X

If the angle that the line makes with the posi
direction of the x-axis is §, then the gradien
the line must be tan 6. Use this information ¢
substitute into the equation y —y; = m(x - %)

‘ Example

Find the equation of the line that has a y-ﬁl’ref
of 5 and crosses the x-axis at an angle of 45°.

'The gradlent of the line = tan 45° = 1. The ]me
passes through (0,5). Substitute into
y-1n= m(x xp)-

x—-y+5

1 In each of the followmg, find the equanon of
the line which passes through the given poin
and intersects with the positive dlrectlon o
the x-axis at the given angle

(a) (3, 4) 45°
(b) (6,71) o
49 (2,3 . 135°
@ (5,76) 45° .

) 135°

. (‘?)':"';'(5’ -8)
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2 Write down the equation of each line that
* passes through the given point and intersects
with the positive direction of the x-axis at the
given angle. Where necessary, round all
numbers in the final equation to 2 dp.

(@ @D 60°

®) (2,7 30° )
S B 167

@ ©2 . 10°

(e 60 180°

* 3 The hypotenuse of a right-angled isosceles

triangle lies on the x-axis, and the vertex
opposite the hypotenuse is the point (4, 5).
~ Find the equations of the two equal sides.

Parallel lines

Parallel lines have the same direction. This-
means they never meet.

Parallel lines (in two-dimensions) have the same
gradient. : ‘

Consider the two lines y = myx + ¢y and
Y= MoX +

If Ty = My then t]_ne two lines are parallel.

Arethetwolines (1) ¥ = E:f— ~ 5 and -
Y. (2) 4y-3x+10=0 parallel?

‘By inspection the gradient of line (1) is %

.Rearranging the equation for line (2) tb the form
y = mx + ¢, we obtain 4y =5x— 10 which also has

adient 3.
gL : 7

So the two lines are parallel.

— ,
Example ‘ _ ;

A
What is the equation of the line which pa§i§es
through the point (6, 72) and is parallel to the line-

2x -3y +4=0?

e

Rearrange the equation of the given line:
2% -3y + 4 =0 -

3y ="2x - 4
g 24
AR
_2x 4
Y=73 73

The gradient of this line is 2 3o the required line
) 3
has gradient _2_ and passes through (6, ~2).
3

The equation of the line is found by substituting
into y-y; =mlx—x). ‘
- 2
-2 =-(x-6
Yy 3 (x-6)
3y + 2) = 2(x - 6)
3y +6=2x—12

2% +3y+18 =0
2x-3y-18=10

| 1 “Yere are the equations of 10 lines. Find the

"~ gradient for each line and then write down all
the sets of parallel lines: for example, if zand -
¢ have the same gradient ther one set of
parallel lines is {2, ¢}. =

@ y=3x-5 . () x+2y=6
by y=4-3x (2) 6y =2x+1 -
(0, y-3x=2 (h)2x-3y=2
(d) y=x+6 ) y+3x=6
A, x+By=3 G 3x-2y=4

" 2 “-Find the equation of the line through ("1, 6) -

parallel to the line y =3x ~ 2. -

~3. Find the equation of the line through (3,71}

parailel to the line y = x + 2.



Co-ordinate QEOmet}y _,

d the equaﬁon of the line through (7, 2)
allel to the line dx—y + 2 = (.

. : Find the equation of the line which
. the line through (0, -2 q passes
ind the_eguahon of the line through (0, ~2) through (4, 6) and is perpendicular to the line
‘araﬂAel f;- —o (b) x + 5y~ 10 = 0 passing through the points (2, 73) and (-1, 5).
a) 4x-2y+1= b N

griangle is given by A (3, 2), B (71, 5) and.
{0,1). What is the equation of the line
ough B parallel to AC?

“The line through (1, 2) and (3,.4) is parallel to

. Y2 -y
‘the line 2x + ¥ — 5 = 0. Calculate the value of g. *F = ==+

Xg — Xy

Thatis/m:—S—::_S—WS_— 8

icular Ii - “1-2 "3 3
erpendicular lines .

Thgé gradient of a perpendicular line would be 2.
wo lines are perpendicular if they meet at right- 3 .y 8
gles. The gradients multiply to ~1. Each : [Note: g is the negative reciprocal of _)
ngies. 2 : . : 8 3
gradient is the negative reciprocal of the other.

- o3
If the two lines are perpendicular: The required line has gradient 3 and passes
through (4, 6). The equation is:
My ="1

:Inpa:ticularthismeansml: _:l_ and - ¥y -6 = %(x — 4)
. - m2
my=_1 8y — 48 = 3x — 12

0

3x - 8y + 36

“Example

Give the equation of the line perpendicular to
¥ =2x+6 which has the same x-intercept,

pieces of information are required;
* the gradient, and .

* the peint that the line passes through.

_ , : ‘ | Gradient = ~51~ (product of gradients is ~1).
. Find the gradient of a line perpendicular to the The x-intercept for the line is when y=0:
_1i_11ex+3y—4=0. -

0=2x+6 x=-3

ie. ¥-intercept is {73, 0)

The given line tan be rearranged to 3y ="x + 4 or

. Substitute into y - Yy = m(x ~ x;) to obtain the
¥ o= 1 x+ 2 which has gradient 1 - fquation: :
373 3 y-0=-(x-"3)
A line perpendicular to this one would have _
gradient 3. T ) 2y ="Hx+3)
Note: :31 X 3 ="1 as required. ‘ - 2y="x-3
X+2y+3=0




e A e

Geometry

2 :(a) What is the gradient of a horizontal line? ,
' 11 Find the equation of the line through A (9, 72)

1
i E @Find the equation of the line through (5, ‘})
‘ 1 ! = perpendicular to: ¢ ‘ P
| |'1 \ !i _ 5&9@ Give the gradients of lines perpendicular to (a) x+3y=4 ) @ =6-3%
ik :hngs with these grad;gx_;ts: 8 Find the equation of the line through (1, 1)
[ H d (;\)_ 12 () 71 ~ perpendicular to:
A ) 7 R @ x=d By ="3
L H i 1 _ "9~ Two lines are perpendicular and intersect on
1 4 % OF 3 - (g8 _Jthe z-axis. One of the lines isy = 2x —6. Find
Il i % -1 : . the equation of the other line.
I ;’ 1 2 H :
Wil \ l (d) e (h) Z ‘Find the equation of the perpendicular
il l I . “bisector of the line joining (5, 1) and (73, 7).

i (b) What name is given to a line thatis - ! r
A1 o
\ E . ~ perpendicular to a horizontal line? pegg:?cilcll)lar to the line joining A to the
Wil - (© Whyis the gradient of the linein (b pomEs &
: 14 { ‘- & 6\33 - yndefined? ' ‘ 12 Find the equation of the line through (0,.7)
1 dicul the line joini Dio
| 1,! . 3 Give the gradients of Lines perpendicular to 1(36eréj)en ax o the line joining (4, 71) 10
l‘ il . lines with these gradients: Sl T ) ' SR
I TRk ' : A /13 'Show that the triangle XYZ with X (4, 15),
| (@ @ E v, &
1 ar € P /Y1, 4 and Z(7,7) is right-angled, and find
IE ‘E" ' - . the equation of the hypotenuse. :
i - - ' i . . )
.' ‘ k e (b} p- ® £ /14 Determine the values of x that would -
i ‘E? i 1 e ~.__/make the points (x,0),(2,1),and
It _ () 1 (g) 0 (6, 4) the vertices of a right-angled
' | ’ : . triangle. o
i @ L (h) undefined o o -
T q Collinear points
" 4. THerearethe equations of 10 lines. Find the e . . Lo
i i ;EE gradient for each line and then write down all Pm.ms"‘*awie collinear if they all lie on the sa’me line.
i _y . . This méang that there should be no ‘bend’ as the
i ij h the pairs of perpendicular Jines. For example, e are (otned, and, i vicular, the eradient
T if the gradients of fand j multiply to 71, fhen ~ DOIMS aT€JOIES and, m particular, the gFacien

between any two pairs of points should bethe -

:] i i_1| one pair of perpendicular lines is {f. 1t . same
ﬁ}ﬁ;% el @ yeTes o o
1 R y=ie Example "
!';h, L by y+5c+2=0 . (@) 3y+dx=6 Show that the'points A (3,710, [T 5T
‘ I Ui ' o -3 B (0,72) and C (2, 4) are ' L
| W ) © 2y+3:=8  ®y=—r+1  colinear . :
i ; } !% . ' '
!!!ILHH .l i (d) 4y—3x=16 () 3y+4x-1=0 _ = AN
ﬂ%‘i ul ;l (e) 4y=3x-12 () y+5x=1 _ : B : .
1 H’ (@ Find the equation of the line through (2,3} . _ : |
ilj. i %i ’ perpendicular to the line y = 2x + 4. A . =5 L.
i' !5! ll [ - @ Find the equation of the line through (6, 1)} -
| 1" i !11 | o ) pefpendicula_r to the lme Y= % +2. ' ‘ _ ‘ =40
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To c}réw a line using this method we locate the ¥ '
intercept. Make sure that the equation isinthe

estion by showing that gradient . formy = mx + ¢ first. Then, from the y-intercept,
dient BC. : draw a line that has a gradient of m. In general,
—5_"11 9 this means ‘go along one to the right,'and thenup *
AtAB = — =g= 3 ‘ or down by m'—up if m is positive: down if m is
R negative.
entBC="2.-0 —7—3

" Ato B to C there isno change in the
.ent, and so the three points A, Band C

Shiow that the points (3, 7), (0, 6) and (6, 4)
are collinear. .
CA=(3,4),B=(2,"1Dand C= (0, p. IfA B - The equation is already in the form y = mx+c.
and C are collinear calculate the value of p. m=2 c="5 : j
¥
A=(1,1),B=(8,3),C= (9,7) and D=0, 5). The y-intercept is 75, i.e.
. {(a) Show that ABCDisa parallelogram. (0, 75). Mark this point witha

{b) What are the co-ordinates of the midpoint cross. . .
of AC? : i From the cross, draw a line

. . . sy 9
" {¢) Does the midpoint of AC lie on BD? with a gradient of 2 (ie. out.1, / '

up 2).
Mark this point with another

Drawing lines 4 ‘m cross. Join the two points up,
) . P, . . ~ . -
Two pieces of information are usually needed to extggdmg the line in both directions.

draw a line. These two can be given in a number - :
of ways. For example: : '
1 one point on the line, and the gradient Draw the line 3x + 4y -8 =0,

"2 two poirnts on the line. 7
In both cases we start by having the equation of

_ the line, and the_;n'obtain information from it ' First rearrange to the formy = mx +c.
before drawing the line. ‘
. . . 3x+4y—-8=0
1 Gradient-intercept method 4y ="3x+8
'."If the equation is given in the form: y ='—§:’£ + %
‘ =mx+c¢ ‘ ' ' -
. Y 7 - y = _25 +2
~ then m s the gradient and cis the y-intercept, the ,
place where the line cuts the y-axis. ‘ = 3 c =2




Geometry

The y-intercept is 2, i.e. (0, 2). Mark this point
with a cross. ' '

"From the cross, draw a line with a gradient of ]
(ie. out 4, down 3). Mark this 4
point with another cross.

Join the two points up,

-extending a line in

both directions.

Two special cases are vertical lines
and horizontal lines.
» Vertical lines have equations of the formx =c.
' The line passes through the point (c, 0).
e Horizontal lines have equations of the form
y = c. The line passes through the point {0, c).

:Example
Draw the lines:
(a) x=2

.49
10

=11
12
13
14
15
16

Rearrange these equations to the formy=mx + ¢, and
then draw each one.

y=2-x
2x -3y =56
dx+y=>5

2xr+y+3=0
2x+3y+9=0

x-y=1
3x -2y =4 17 4x+6=0
x+ 6y =12 y-5=0
By+2x=10 19 gzl

Jy=3~6x ' —
’ @ L2-1,

2 Intercept-intercept method
When the line equation is given in the form
ax +by+c=0 '

it is.usually easier to find the x and y intercepts

and j0in them to form the line, than to rearrange

and work but the gradient and y-intercept.

e The x-intercept is the point where the line cuts
the x-axis. The co-ordinates of any point on
the x-axis are (p, 0). In other words, at the
x-intercept, the y-value = 0. . . '

o Similarly, the y-intercept is of the form (0, g)—
i.e. at the y-intercept, the x-value js 0.




Ce-ordinate geometry

Writing the equation of a line
given the graph

Aample )
and y intercepts for the line
J;Z Oyand hence draw the graph.

If you are given the graph of a line, there shouid
always be enough information on the chagram to
identify fwo points on the line.

tercept substitute y = 0: Once the two points are known, it is best to use

the point/point equation. An expressmn for this-
equation is:

1%x0+12=0
3x="12

x= 4

Y-W _ ¥4
X —-x Xy Xq

, 0) is the x-intercept.

Write down the equation of
the line shown in the diagram.

Clearly, two points on the line are the x-intercept
.. 4,0) and the y-intercept (0, 2).

“The, equation is:

For each of the following équations calculate the co- ¥-0 2-0
. ordinates of the x and y intercepts, and hence draw the x-4 0-4
- lings.

. y __.2
B 2x+3y=6 6 Jy=6-x -4 -4
2 43‘_?:4‘ ‘7 3x+4y-12=0 . | '4y=2(5c—4) (cross-multiplying)
3 2x-5y=10 8 x-y-6=0 4y =2x-8
4 3x-2y=6 9 4x+6y-5=0 4y 2x+8-0
5 dx=2y+12 10 2x-5y+4=0 2x+dy-8=0

r+2y—-4=0




